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Abstract

A one–dimensional model describing the possible morphodynamic equilibria for a long tidal
embayment is developed and analyzed. The system is driven by a prescribed external M 2 and
M4–tide at the open seaward boundary. Furthermore overtides are generated internally. It is
demonstrated by using continuation methods that the model allows for morphologic equilibria
characterized by bed profiles that have a prescribed depth at its entrance and a zero water depth
at the land–side of the embayment.
If the system is only forced by an externally prescribed M 2–tide, one unique equilibrium is found.
If an externally prescribed overtide is forcing the system as well, more than one type of equi-
librium can be found. For embayments with lengths smaller than the M 4 frictional length scale,
advective fluxes due to internally generated and externally forced overtides make an approxi-
mate balance. The effect of bottom friction is small and the tidal motion has the characteristics
of a standing wave. The bed can become very deep, up to 7 times the depth at the entrance of
the embayment. For longer embayments, i.e., with lengths larger than the M 4 frictional length
scale, an approximate balance between internally generated advective fluxes is observed. Bottom
friction becomes important and the tide propagates as a travelling wave. The maximum water
depth is of the order of twice the depth at the entrance. If the externally prescibed M 4–tide is
strong enough, multiple equilibria can be found for embayment lengths near the M 4 frictional
length scale. Furthermore, morphodynamic equilibria can only be found for embayments with
lengths smaller than the frictional length of the M2–tide which also depends on the amplitude of
the external M4–tide. For even longer embayments the velocities at the end of the embayment
become too small to keep the embayment open.



1 Introduction

In many tidal inlets and estuaries a dynamic interaction between water motions and mor-
phology is observed. This usually results in a complex pattern of channels and shoals,
see e.g. the Western Scheldt (Van den Berg et al., 1990). This estuary is located in the
the south–west of Holland and Belgium and serves as the main navigation lane to the
harbour of Antwerp. In the Western Scheldt economical and ecological interests often
interfere. For shipping purposes it would be advantageous if the channel was canalized
On the other hand, the Western Scheldt has important feeding grounds for birds and other
animals for which the system has to be kept as dynamic as possible. To keep the harbour
open for large ships, the navigation lane of the Western Scheldt has to be dredged con-
tinuously (8 · 106 m3year−1) (Verbeek et al., 1998). Since the morphology is also very
sensitive to changes in exogeneous conditions (see Van der Spek (1997)) our understand-
ing of the estuarine processes must be deepened to be able to manage and control the
changes in these complex systems. Therefore, a two–dimensional global model of a tidal
embayment will be developed in which only the basic physical processes responsible for
the observed phenomena are retained.

In this paper the analysis will be restricted to a one–dimensional model, since this
provides the information necessary to perform a two–dimensional analysis resulting in
channel–shoal behaviour (see Schuttelaars (1997, to appear)). In this paper the exis-
tence of possible morphodynamic equilibria and the important physical processes will
be studied.

Important generalizations with respect to Schuttelaars & De Swart (1996), in which
a short embayment was studied, are the spatial variations of both the vertical and hori-
zontal tide due to advective and frictional effects. Furthermore, in a long channel the
net transport of suspended sediment is mainly due to advection, whereas in a short
embayment the main transport mechanism is diffusive transport. Important differences
with De Jong (1998) are the negligence of river influence and the incorporation of diffu-
sive boundary layers in the averaged concentration equation.

In section 2 the model will be presented, in section 3 the equations are scaled and
analyzed using an asymptotic method. In section 4 morphodynamic equilibria and their
characteristics will be studied. In the last section some conclusions and suggestions for
future work will be made.

2 Model Description

The embayment under study is a rectangular basin. If for a short embayment it is as-
sumed that the waterdepth becomes zero at the landward end, the equilibrium bed pro-
files obtained are such that a spatially uniform shear stress distribution is attained, which
seems to be consistent with field observations (Friedrichs, 1995). Moreover, the rela-
tion between cross–sectional area and the tidal prism appears to be linear as data indi-
cate (De Vriend, 1996).

Motivated by these results, it is hypothesized that that in case of a long embayment
the influence of the river inflow is not present or can be neglected. This assumption
leads to an embayment that has a zero water depth at the landward end. The width is
much smaller than both the length of the embayment and the Rossby deformation radius,
which permits to model the embayment as one–dimensional (no variations in the cross–
channel direction). The system is forced with an externally prescribed vertical tidal
elevation ζ with respect to the undisturbed water depth at the entrance. Note that due to
surface elevations the boundary at the end of the embayment is a moving boundary (see



Fig. 1, where the length, corresponding to sea level ζ1 and ζ2 is denoted by L1 and L2,
respectively). The reference water depth is denoted by H , the bed elevation by h and u
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Figure 1: Cross–sectional view of the embayment.

denotes the horizontal tide.
The water motions are decribed by the depth–averaged shallow water equations for

a homogeneous fluid (Csanady, 1982). The bottom friction in the momentum equation
is linearized (see Lorentz (1922); Zimmerman (1982, 1992)). At the open boundary the
tidal elevation ζ is prescribed. At the closed end, the kinematic boundary condition is
used.

The sediment in the embayment consists of noncohesive material with only one grain
size and is mainly transported as suspended load. This transport is described by a depth–
integrated concentration equation (see Van Rijn (1993)). The boundary condition for
the concentration equation is that the net sediment flux at the average position of the
moving boundary is zero. At the entrance it is imposed that the bed does not change.
Since the bed only changes due to tidally averaged erosion and deposition, additional
boundary conditions are needed. We therefore require that no diffusive boundary layer
in the time–varying concentration develops at the entrance of the embayment.

The bottom evolution equation is derived from continuity of mass in the sediment
layer. An initial condition must be supplied. Since at x = 0 the total deposition equals
the erosion, the bed remains fixed at x = 0, at the end the water depth is always zero.

3 Scaling and Expansion

The equations as proposed in section 2 are scaled using

x = Lx̃, t = t̃σ−1, u =
AσL

H
ũ

ζ = Aζ̃, h = Hh̃,C =
αU2

γ
C̃ (1)

Here L is chosen such that x = 1 is the intersection point of the bed profile and the
undisturbed water level. The radian frequency of the main tidal constituent is denoted
by σ and A is the amplitude of the vertical tide at the entrance. Suppressing the tilde,



the equations read

ζt + [(1 − h + εζ)u]x = 0 (2a)

ut + εuux + λ−2
L ζx + r

u

1 − α(h − εζ)
= 0 (2b)

a [Ct + (εuC − µCx)x] = u2 − C (2c)

hτ = − 〈
u2 − C

〉
(2d)

Here ε is, apart from a factor of 2π, the ratio of the tidal excursion (the distance travelled
by a fluid particle in a tidal period) and the tidal inlet length (for the definitions of the
nondimensional parameters in the model, see table 1). The constant λL(= 2π

√
gH/σ)

Parameters in the nondimensional model

ε = A
H = U

σL λL = 2πL
Lg

r = 8CDAL/(3πH2)

a = σ
γ µ = µ�

σL2 δs = αU2

ρs(1−p)Hσ

Table 1: Parameter definitions in the nondimensional model.

is the ratio of the frictionless tidal wave length Lg and the embayment length, and r
is a measure for the frictional strength which depends on the drag coefficient CD. The
parameter α in the bottom friction is used to vary the influence of the depth on the
friction; since 1 − h + εζ becomes zero at the end of the embayment, this term would
become infinite, which is not a very realistic parameterization of the bed friction. Since
the friction becomes large but finite when the water depth becomes small, α is chosen to
be close to 1.

Furthermore, a is the ratio of the timescale of the deposition process and the tidal
period and µ is the ratio of the tidal period and the diffusive time scale. Here τ = δst
is a slow time coordinate and δs is the ratio of the tidal period and the morphological
timescale.

The boundary conditions at the entrance x = 0 are

ζ = cos(t) + β cos(2t − φ) (3a)

h = 0 (3b)

C ′(x, t, µ) = C ′(x, t, µ = 0) (3c)

where C ′ is the oscillatory part of the concentration equation. Here β is the ratio of the
M4 amplitude and the M2 amplitude at the entrance, φ is the phase difference between
the M4 and M2 tidal constituents at this location, defined by φ = φM4 − 2φM2 . At the
closed end the boundary conditions read

ux is finite (4a)

〈εuC − µCx〉 = 0 (4b)

C ′(x, t, µ) = C ′(x, t, µ = 0) (4c)



The first boundary condition is the kinematic boundary condition, the second one states
that no net sediment flux is allowed through x = 1. The boundary condition for the
time–varying concentration states that no diffusive boundary layers develop near the
entrance and the end of the embayment in the oscillatory part of the concentration.

These equations will be solved by making an expansion with respect to the small
parameters ε and β, up to first order. No assumption on the ratio of ε and β is made. It is
only assumed that β � 1, i.e. that the amplitude of the M2 constituent is much stronger
than that of the externally prescribed M4 constituent. Hence for the water elevation ζ
the following expansion is made:

ζ = ζ0 + εζ1 + βζo,1 . . . (5)

with

ζ0 = ζs sin(t)+ζc cos(t) ζ1 = ζ0 + ζ2s sin(2t) + ζ2c cos(2t)

ζo,1 = ζ2s
o sin(2t) + ζ2s

o cos(2t)

Here ζ0 decribes the main tidal constituent and ζ0 the mean water level which is forced
by net transfer of momentum induced by the tidal wave. Furthermore ζ2c, ζ2s are the
components of the internally generated M4–overtide and ζ2s

o , ζ2c
o those of the M4–overtide

generated by external forcing. Similar expansions for u and C are made. The same
notation is used as in the above expansion (use of superscripts to describe the tem-
poral behaviour on the short time scale and the subscripts to make a distinction be-
tween internally generated and externally driven quantities). Of course, one can write
ζ0 = |ζ0| cos(t − φζ0), etc., as well. Here |ζ0| is the amplitude of the M2 vertical tidal
elevation, φζ0 its phase angle.

If a bed profile and the surface elevations at the entrance of the embayment are given,
the horizontal and vertical velocities and the concentration can be calculated explicitely.
This information is used to calculate a net sediment flux F and to rewrite the bed evolu-
tion equation as

hτ = −Fx(h, hx, hxx) (6)

Hence the bed changes due to divergences or convergences of the tidally averaged sedi-
ment flux F . From eqn. (6) it is clear that an equilibrium bed profile is found if hτ = 0.
Using the boundary conditions on the sediment flux, eqn. (4b), this means that in equi-
librium the net sediment flux throughout the embayment has to be zero. After expanding
the flux in the small parameters ε and β, this condition reads

F = −aµC0
x + aε2

(
u0C0 +

1
2

[
usCs + ucCc + u2sC2s + u2cC2c])

+ a
1
2
εβ

(
usCs

o + ucCc
o + u2s

o C2s + u2c
o C2c) = 0

(7)

Note that this flux consists of three main parts. The first is due to diffusive sediment
transport and is proportional to aµ. The second part is proportional to aε2 and describes
a flux due to internally generated overtides. The final part, which is proportional to
aεβ, are fluxes induced by the presence of externally prescribed overtides. So if an
equilibrium bed profile is found, the combination of the velocity and concentration fields



Quantities in the model

H = 15 m A = 1.5 m σ ∼ 1.4 · 10−4 s−1

µ� = 102 m2 s−1 a = 0.01 CD = 1 · 10−3

φ ∼ 1◦

Table 2: Quantities and parameter values used in the numerical experiments with variable em-
bayment length. They are representative for the Western Scheldt

as given in eqn. (7) is such that the total time–averaged flux is zero. Using the knowledge
of the equilibrium solution in case of the short embayment limit (see Schuttelaars &
De Swart (1996)) and standard numerical methods (continuation techniques in slowly
varying parameters), equilibrium bed profiles and their corresponding velocity fields,
surface elevations and concentration fields for different embayment lenghts, tidal forcing
etc. can be obtained.

4 Results

In the following numerical experiment, the embayment length and the strength of the M4
overtide will be varied while the other parameters have default values. The default values
used in the experiments are given in table 2 and are based on parameters obtained from
observations in the Western Scheldt estuary (see Van den Berg et al. (1990); De Jong
(1998)).
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Figure 2: The amplitude of the M2 horizontal velocity at the entrance of the embayment as a
function of the scaled embayment length for different values of β.



In Fig. 2 the dimensionless amplitude of the M2 horizontal velocity (scaled by
√

gH)
at the entrance of the embayment is plotted for different embayment lengths and different
values of β, i.e., different strengths of the externally prescribed overtides. First of all it is
noted that, although the bed is not flat and friction is important, the resonance length of
the embayment in morphodynamic equilibrium is approximately 0.25Lg. In other words
there is no shift in the resonance length, as is e.g. found if the friction parameter is
increased for a fixed bed. Furthermore it is seen that if the externally prescribed overtide
is strong enough (see Fig. 2, β = 0.074), embayment lengths can be found for which
more than one morphodynamic equilibrium exists. Note that β ≈ 0.074 for the Western
Scheldt.

In general, two different types of equilibria can be distinguished: if the embayment
length is smaller than the M4 friction length scale the bed can become very deep, up
to 7 times the depth at the entrance of the embayment (see Fig. 3(a)) Effects of bot-
tom friction are small and the tidal motion has the characteristics of a standing wave,
i.e., no phase changes are observed in the embayment (see Fig. 3(b)). Furthermore, it
appears that advective fluxes due to internally generated (see Fig. 4(a)) and externally
forced overtides (see Fig. 4(b)) make an approximate balance. Since both external and
internally generated overtides are important, this equilibrium will be called the external
equilibrium.

If the length of the embayment becomes larger than the M4 friction length, the am-
plitudes of the external M4 horizontal and vertical tides become very small. The inter-
nally generated M4 tides are much more intense and an approximate balance between
the internally generated fluxes is observed (see Figs. 4(c) and 4(d)). In this situation the
bottom friction is very significant and the tidal motion has the characteristics of a travel-
ling wave. The maximal bed depth is of the order of twice the depth at the entrance (see
Fig. 3). This equilibrium will be called the frictionally modified equilibrium.

From Fig. 2 it is now clear what happens if β is increased: if β is small enough the ex-
ternal equilibrium changes gradually into the frictionally modified one. If β is increased,
the characteristics of the external equilibrium become more pronounced (for example,
the maximum water depth becomes larger if β is increased) and the change towards the
frictionally modified equilibrium takes place in a smaller interval of length values. If β
is large enough, the two types of equilibria can coexist for the same embayment length,
even though their characteristics are completely different. A third equilibrium connects
the other two equilibria in a smooth way.

Figure 2 shows that the maximal embayment length decreases with increasing values
of β. It can be shown that the maximum embayment length for a given strength of the
overtide equals the M2 frictional length:

Lf =
2π

√
ghminH

σL


 2

1 +

√
1 +

(
CDAL
hminH2

)2




1
2

(8)

Here hmin is a characteristic water depth which depends on the strength of the M4 over-
tide. This length scale decreases with increasing values of β through the parameter hmin.
The theoretical predictions are in good agreement with the full model results. For a
derivation, see Schuttelaars (1999).
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Figure 3: Characteristic bed profiles (figure a) and phase profiles (figure b) for both the external
(L = 80 km) and frictionally modified (L = 180 km) equilibrium. Here β = 0.074, the other
parameters have the default values.

5 Conclusions

In this contribution an idealized one–dimensional model has been analyzed to gain more
understanding of the morphodynamics in long embayments. If the embayment length
is much smaller than the tidal wavelength, the momentum equation describes in leading
order a pumping mode, if the length is increased, both resonance effects and bottom
friction become more important.

Sediment is transported as suspended load, both due to diffusive and advective pro-
cesses. For a short embayment, the diffusive transport mechanism is most important.
However, if the channel length is increased, diffusion becomes less effective and advec-
tion is the main transport mechanism. The latter is due to both external and internally
generated overtides.

The main aim in this paper was to investigate the possible existence of equilibria.
A system is said to be in morphodynamic equilibrium when the averaged sediment flux
vanishes throughout the embayment. The water motions in the embayment are forced
by externally prescribed M2 and M4–tides. Furthermore overtides were generated inter-
nally. Using the knowledge of the short embayment limit and numerical continuation
techniques, it was shown that equilibrium profiles exist for embayment lengths smaller
than the M2 frictional length. Embayments longer than M2 frictional length tend to fill
up until the maximum embayment length is reached. It was observed that the embay-
ment became resonant for a length of approximately 0.25 times the gravitational wave
length. It is well known that the resonance length Lres of a frictionless embayment with
a flat bottom is 0.25 times the gravitational wave length. An important finding here is
that this value is maintained even in a frictional domain due to adjustments of the bot-
tom. Furthermore, it was shown that character of the tidal wave changed from a standing
wave character towards a running wave.

If the amplitude of the externally prescribed M4–tide is large enough compared to
the amplitude of the M2–tide, multiple equilibria can be found. This means that for the



(a) Net sediment flux due to the advective con-
tribution usCs .

(b) Net sediment flux due to the advective con-
tribution u0C0 .

(c) Net sediment flux due to the advective con-
tribution usCs .

(d) Net sediment flux due to the advective con-
tribution ucCc .

Figure 4: Contour plots of the leading order sediment fluxes as function of the scaled embayment
length L/Lg and x/L. Here Lg = 2π

√
gH/σ ∼ 550 km and β = 0.074. The upper two

figures show the largest fluxes for the external equilibrium, the lower two figures those of the
frictionally modified equilibrium. The amplitudes of the fluxes are scaled with (α/γ)

(
ε
√

gH
)3

.
Here β = 0.074, the other parameters have the default values.

same parameter values more than one morphodynamic equilibrium bed profile exists.
These bed profiles have totally different characteristics and may have large practical
consequences. For example interferences in an estuary with multiple equilibria may
lead to sudden geometrical changes and different tidal characteristics.

At the moment the stability of these morphodynamic equilibria is under study. First
results indicate that the external and frictional modified equilibrium are stable and that
the intermediate one is unstable. Until now we only focussed on the influence of the ratio
of the amplitudes of the externally prescribed tides on the morphodynamic equilibria. A



next step would be to investigate the sensitivity on other external parameters and the
global stability of these equilibria in more detail. Furthermore, a comparison with field
data should be made.
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