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Preface

This interim report is part of my Master’s thesis project for the study “Applied
Mathematics” at the Delft University of Technology (TU Delft). The project
is conducted in collaboration with DLF Sustainable and aims at developing
mathematical tools to aid in the design of pulse combustors and to gain insight
into the physical processes that make them work (or not). An ultimate goal
is the development of a mathematical model for an advanced industrial pulse
combustor developed by DLF Sustainable (see Figure 1a).

With this report an orientation phase comes to an end. It presents some
results of a literature study on the subject of pulse combustion and formulates
research questions raised during the literature study and possible directions
which the ensuing research phase of the project may take.

At the start of the current research project, DLF Sustainable was already
involved in a joint research project on pulse combustion with the Eindhoven
University of Technology (TU Eindhoven). A small pulse combustor has been
made available for experimenting (see Figure 1b). The pulse combustor is much
simpler in design than the industrial pulse combustors produced by DLF Sus-
tainable, but the working principles are basically the same. Research at the
TU Eindhoven is mainly progressed via Bachelor’s thesis projects, which are
concentrated on zero-dimensional models of pulse combustors from literature.

For the current project, the collaboration is extended to the TU Delft. Re-
search at the TU Eindhoven and at the TU Delft will be focusing on different
aspects of pulse combustion. Work at the TU Delft will be concentrating on a

(a) An advanced pulse combustor (b) Small pulse combustor at TUE

Figure 1: Two pulse combustors: (a) an advanced pulse combustor developed by
DLF Sustainable, (b) a small pulse combustor made available for experimenting
at the TU Eindhoven (TUE); photo (b) is from Tiemessen and Bastiaans [32].
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mathematical description of the acoustics of a pulse combustor, and how it is
affected by heat release. Work at the TU Eindhoven will be concentrating on
combustion processes in the combustion chamber. Since a typical pulse com-
bustor has a relatively compact combustion chamber compared with the length
of the tailpipe and associated wavelengths, it may be expected that the spatial
distribution of heat release by combustion will not be of great influence on the
system’s acoustics. Vice versa, since the acoustic fluctuations will be almost
uniform in a compact combustion chamber, it may be expected that the acous-
tics will not be of great influence on the spatial characteristics of the combustion
process. Thus, for a large part the research on acoustics and combustion pro-
cesses in a pulse combustor may be done independently, though the modeling
results need to be coupled in the end. Experimental research with the pulse
combustor at the TU Eindhoven can be useful for validation of a mathematical
model.

I have taken note of two Bachelor’s theses on pulse combustion [32, 34],
produced at the TU Eindhoven. They will be mentioned at the appropriate
places in this report.

Pieter van Heerbeek,
February 2008, Delft.

DLF Sustainable is a specialist in the field of thermodynamics, with a focus on
sustainable energy generation and energy saving in an industrial environment.
Keywords are: biomass gasification, pyrolysis, CHP, solar power, PV, cogen.

Because pulse combustion can have a positive impact on reducing environ-
mental emission, DLF Sustainable asked Pieter van Heerbeek to investigate
pulse combustion from a theoretical point of view. In this preliminary study
Pieter van Heerbeek examined thoroughly several models from literature, in or-
der to be capable of defining goals for the second part of his Master’s thesis. So
far, this resulted in several corrections of models shown in literature, the results
of which are presented in a poster session on the Combura 2007 symposium at
NBC in Nieuwegein (Holland) on the 10th of October 2007.

I am very pleased to see the enthusiasm of Pieter doing this study and I
appreciate his sound working attitude. We are looking forward to continue this
research project with Pieter.

Marcel de la Fonteijne,
DLF Sustainable.
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Chapter 1

Introduction

1.1 Background and motivation

The company DLF Sustainable in Delft is a specialist in the field of thermo-
dynamic applications. Examples of industrial applications are: gas fired instal-
lations (for direct or indirect heat generation, central heating boilers), dryers
(for feed stock, industrial sewage/sludge), incinerators (for hazardous waste,
thermal oxidation of gases/fluids/solids) and gasifiers (for biomass gasification).
This list is by no means exhaustive.

During years of experience in the field and doing research, DLF Sustainable
has developed an advanced pulse combustor for industrial applications such as
mentioned above (see Figure 1.1). Compared to conventional (steady flow) com-
bustion systems, this type of combustor can achieve production increases as high
as 40%, and fuel savings of 10-50%, depending on the application. Also, it pro-
duces very low emissions of harmful substances. These advantages are typical of
pulse combustors and can be related to the generation of intense oscillatory fluid
motions (sound waves) in the combustion system, which is a fundamental part
of the operating conditions. The high-intensity sound waves cause enhanced
heat and mass transfer, higher combustion intensities, lower emissions of nitro-
gen oxides (NOy) and higher thermal efficiencies, all by a considerable factor of
magnitude compared to conventional combustion systems [9,10,14,16,23]. Also,
usually pulse combustors provide their own means for pumping fuel and air, ob-
viating the need for extra devices such as fans or a chimney. This may lead
to more compact designs. The mentioned advantages make pulse combustion a
practically, economically and environmentally attractive technique for burning
and heating applications.

There are disadvantages to pulse combustion. First, the process is inherently
noisy. At higher frequencies this is not a major obstacle, since the sound and
associated vibrations can then be damped by conventional methods of isolation.
And sometimes the sound generated is a plus. For example in drying applica-
tions, where sound induced oscillations in a drying chamber not only increase
the drying rates, but also prevent depositing of substances on the walls. A more
serious problem results from the highly coupled physical and chemical processes
in a working pulse combustor, such as the interaction between (turbulent) com-
bustion and the system’s acoustics. These interactions cause problems when



2 CHAPTER 1. INTRODUCTION

(a) Advanced pulse combustor in action (b) Close-up of pulse combustor

Figure 1.1: A gas-fired pulse combustor with a secondary burner, developed by
DLF Sustainable. (a) The pulse combustor in operation, the eight tailpipes are
glowing. In the secondary burner, pulverized brown coal is ignited by a flame
from the pulse combustor’s aerovalve. (b) A close-up of the pulse combustor,
showing the gas supply at the front, and a flame from the aerovalve entering
the secondary burner.

trying to scale up or improve upon a working design. Adjusting the geometry
of the pulse combustor may produce the desired effect, but sometimes it may
be detrimental to the system’s performance instead. Therefore, improvement of
a design is mainly a process by trial-and-error.

To aid in the design of pulse combustors and to get a better understanding
of the fundamental physical processes that govern the pulse combustion phe-
nomenon, a mathematical model capturing the most important aspects of pulse
combustion is desired. The work reported here is a preparing step for research
aimed at developing such a mathematical model.

1.2 Objective and outline

The objective of the work presented in this report was threefold. One aim was to
get familiarized with the pulse combustion phenomenon, and the mathematical
modeling thereof. A second aim was to determine what physical processes or
principles are of main importance when describing the pulse combustion phe-
nomenon in mathematical terms. A third aim, in fact the main goal of the study,
was to formulate research questions that need to be addressed in the ensuing
research phase.

In pursuit of these goals, three simple mathematical models for pulse com-
bustion from literature were studied in detail. These are lumped parameter
models: physical processes are modeled by spatial averaging. In this way, mod-
eling of the details of the pulse combustion process is avoided, while one tries
to retain the most important characteristics.

This report is organized in the following way. The basic principles of pulse
combustion operation are described in Chapter 2. Of special interest is the
Rayleigh criterion. It is a condition under which periodic heat release may
drive acoustic oscillations, which is a fundamental part of the pulse combustion
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process. In each of the Chapters 3-5, one simple mathematical model from
literature is described and analyzed in detail. Conclusions of the study of these
models are presented at the end of the relevant chapters. In Chapter 3 a model
presented by Kilicarslan [17] is discussed. Shortcomings of this model to describe
a pulse combustion process were reason to study the model of Ahrens et al. [2],
that provided the basis for Kilicarslan’s model. The model of Ahrens et al.
is discussed in Chapter 4. The mathematical model of Richards et al. [26]
is the third model that was studied. It includes physical processes that were
neglected in the other two models; it is described in Chapter 5. Finally, in
Chapter 6 overall conclusions are given, and research questions are formulated
that provide a basis for follow-up research. Computational analysis of the three
models was performed using MATLAB [30] software. The codes that were used,
can be found in the appendices.
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Chapter 2

Working principles of pulse
combustion

The principles of operation of a pulse combustor are based on a coupling be-
tween intermittent (pulse) combustion and (resonant) acoustics in the burner
system. The interaction of the system’s acoustics with the combustion process
(e.g. fuel supply, mixing processes, reaction rates, etc.) is such that the resulting
intermittent combustion process feeds energy into the acoustical oscillations.

Although the acoustical oscillations in a pulse combustor are obviously driven
by the combustion process, the term ‘combustion-driven oscillations’ is gener-
ally associated with disturbances (instabilities) of a steady combustion process.
Putnam et al. [23] distinguished between combustion-driven oscillations, which
may be harmful in devices designed for steady combustion, and pulse combus-
tion, where oscillations are deliberately stimulated in order to obtain increased
mixing rates, higher heat transfer rates, etc. A condition under which unsteady
combustion may drive pressure waves, that is often mentioned in the study of
combustion instabilities, is Rayleigh’s criterion. It will be discussed below, after
describing the operation of a typical pulse combustor.

2.1 A typical pulse combustion cycle

Figure 2.1 depicts an idealized cycle of operation of a pulse combustor with
an aerodynamic valve (or, aerovalve). In the first stage of the cycle (1), a
combustible mixture in the combustion chamber ignites, and a burning region
expands, driving gases into the tailpipe (to the right) and through the aerovalve
(to the left). In the second stage of the cycle (2), when most of the fuel has been
consumed, the gases continue their motion due to inertia, thereby lowering the
pressure in the combustion chamber. Eventually, the pressure in the combustion
chamber falls below atmospheric pressure. Then the third phase of the cycle
starts (3). Fresh air (and fuel) enter the combustion chamber, following the
remnant of combustion products from the aerovalve. Due to inertia, the flow in
the tailpipe takes longer to slow down and it may reverse its direction at a later
moment. In the last stage of the cycle (4), inertia of the gases flowing toward
the combustion chamber cause the pressure to rise above the ambient pressure.
Then, the cycle is started anew with the ignition of the combustible mixture.
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1. Ignition and combustion

4. Recharging and \
compression
\ / 2. Expansion

VA
= |

N

3. Purging and recharging

Figure 2.1: An idealized (aerovalved) pulse combustion cycle (adapted from
Putnam et al. [23]). With a flapper valve, the flow in the direction of the valve
is completely blocked during the expansion phase.

The exact ignition mechanism is not clear; it may be caused by flame remnants,
contact with hot combustion products, or a hot-spot in the combustion chamber.

There are many different types of pulse combustors. A pulse combustor can
be mechanically valved (e.g., it may be equipped with flapper valves or with
reed valves), or aerodynamically valved. In case of mechanical valves, back flow
through the valve is prevented: flow through the valves only occurs in stages
3 and 4 of Figure 2.1. Also, an aerovalve may be designed to greatly resist
back flow, acting somewhat like a badly leaking flapper valve. There is a great
variety in the geometry of pulse combustors, too. Typical examples are pulse
combustors of the Helmholtz-type, the Schmidt (or, quarter-wave) type, and
the Rijke-type. The pulse combustor sketched in Figure 2.1 is of the Helmholtz-
type: a volume (the combustion chamber) acts like a Helmholtz resonator on
the tailpipe gases. A Schmidt-type pulse combustor typically consists of a tube
closed at one end (where combustion takes place) and open at the other end,;
it acts like a quarter-wave tube. In a Rijke-type pulse combustor, combustion
takes place in the lower half of a vertical tube, acting like a Rijke-tube. In
this configuration, the combustion process is typically enhanced by (acoustical)
velocity fluctuations. Other configurations are possible. In a review article
on pulse combustion, Putnam et al. [23] provide a historic overview of pulse
combustor designs, and describe the operating characteristics of mechanically
valved and aerovalved pulse combustors.

2.2 Rayleigh’s criterion

A pulse combustor can be viewed as a harmonic resonator used to store acousti-
cal energy. Moments of low pressure are used for refueling, while periodic com-
bustion sustains the acoustical oscillations by feeding energy to the resonator.
A widely used condition under which periodic heat release (e.g. by combustion)
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can sustain acoustical oscillations, is Rayleigh’s criterion. In short, it states
that acoustical oscillations are stimulated when heat is released in phase with
the pressure variations, while the oscillations are damped when heat is released
out of phase.

In 1878, Rayleigh [24] formulated it as follows:

“If heat be periodically communicated to, and abstracted from, a
mass of air vibrating (for example) in a cylinder bounded by a piston,
the effect produced will depend upon the phase of the vibration at
which the heat transfer takes place. If heat be given to the air at the
moment of greatest condensation, or taken from it at the moment
of greatest rarefaction, the vibration is encouraged. On the other
hand, if heat be given at the moment of greatest rarefaction, or
abstracted at the moment of greatest condensation, the vibration is
discouraged.”

He also noted that the frequency can be changed, depending on the phase of
heat release:

“If the air be at its normal density at the moment when the transfer
of heat takes place, the vibration is neither encouraged nor discour-
aged, but the pitch is altered. Thus the pitch is raised, if heat be
communicated a quarter period before the phase of greatest con-
densation, and the pitch is lowered if the heat be communicated a
quarter period after the phase of greatest condensation.”

Rayleigh remarked that in general heat release produces both kinds of effects.
He went on to illustrate the principle by successfully applying it to explain
certain acoustical phenomena.

2.2.1 A heuristic explanation

Intuitively, Rayleigh’s criterion is easily understood. For example, consider a
volume of air vibrating in a surrounding fluid. Energy of condensation of the
volume (i.e. its potential energy) and kinetic energy of the surroundings are
exchanged through work performed on the boundaries of the volume. Heat
addition will cause the volume of air to expand, obtaining a new equilibrium
volume. When heat is added to the volume at a moment of condensation, the
action of the volume of air is supported in converting potential energy into
kinetic energy (or vice versa), and the vibration is encouraged. On the other
hand, when heat is added at a moment of rarefaction, the action of the volume
of air on the surroundings is counteracted, and the vibration is discouraged. The
greater the pressure difference of the volume and the surroundings, the more
work is done per unit of expansion. Thus, the effect of heat addition is greater
if the condensation is greater. When the volume of air is at its equilibrium
pressure, it is not doing any work on the surroundings, and heat addition will
neither encourage nor discourage the vibration.

The effect of (periodic) heat release on the frequency of the vibration can
be understood intuitively, too. If heat is added before the moment of greatest
condensation, the induced expansion works against the compression by the sur-
roundings, and the state of greatest condensation is reached sooner. Therefore,
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the frequency is increased. If heat is added after the moment of greatest conden-
sation, the induced expansion works with the expansion by the surroundings,
and the state of greatest rarefaction is reached later. Therefore, the frequency
is decreased.

2.2.2 A mathematical formulation

An often used mathematical formulation of the Rayleigh criterion for mainte-
nance of oscillations is

Tp
/ / p'Q'dV dt >0, (2.1)
0 14

where the product of the pressure fluctuations p’ and the fluctuations in heat
release @’ is integrated over the volume V and the time interval [0,Tp], with
Tp a period of oscillation. It can be viewed as an expression of the heuristic
argument put forward in the previous subsection. More generally, in order for
the heat release to provide the oscillations with sufficient energy to overcome
energy losses, the integral on the left-hand side should be greater than the sum
of the energy losses (>, L;) occurring in the volume over a period of oscillation:

/OTP /Vp’Q’ dv dt > zz:L (2.2)

Energy losses may be associated with viscous dissipation, heat conduction, en-
ergy fluxes through the boundary of the volume, etc. This is a generalized
version of the Rayleigh criterion.

In an article on the energy transfer to small disturbances in fluid flow, Chu [6]
has provided a foundation for expressions like (2.1) and (2.2), quantifying the
conditions under which heat release encourages fluctuations in fluid flow. In
this report, no quantification of the Rayleigh criterion is used, therefore the
article of Chu will not be discussed at length here. However, to illustrate how
the Rayleigh criterion may appear from the general equations of fluid motion,
a simplified derivation may be insightful. Such a derivation will be considered
next. For details on the derivation, see the paper by Chu [6].

Consider a uniform homogeneous perfect gas at rest: its state may be ex-
pressed by velocity ug = 0, pressure p = pg, density p = pg and temperature
T = Ty, all constant. Assume that the specific heats for constant pressure
¢p and constant volume c, are constant, and that effects of viscosity and heat
conduction may be neglected. Now introduce some small heat release Q’, and
associated small disturbances in velocity (u'), pressure (p'), density (p’), and
temperature (7”). The disturbances are considered small if: |u’|/cop < 1 (with
¢o the speed of sound of the undisturbed fluidum), |p’/po| < 1, |p'/po| < 1, and
|T"/To| < 1. Now, substitution of p = pg + p’, u = up + ', etc., in the con-
tinuity equation, the momentum equation, the energy equation, and the state
equation, and neglecting cross-products of fluctuations, leads to the following
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equations for the disturbances in the fluid flow:

op’ , o
e +poV-u =0, (continuity) (2.3)
a !/
Po al; =-Vp/, (momentum) (2.4)
a !
PoCo o +poV-u' =@Q, (energy) (2.5)
T/ p/ p/
-+t —=— state 2.6
To  po  po ( ) (26)

To see how the heat release @’ drives the pressure disturbances, substitute 7"
from the state equation (2.6) into the energy equation (2.5), and then write the
time-derivative of p’ in terms of the rate of expansion (V-u’) using the continuity
equation (2.3). Using v = ¢, /¢, and the perfect gas properties pg = RpoTp and
R = ¢, — ¢y, with R the gas constant, this gives

/ /
Laip +V-u = Q .
Ypo Ot cppolo

(2.7)

Differentiating this equation with respect to time, and eliminating the time
derivative of the rate of expansion (%V -u’) by substitution of the momentum
equation (2.4) after taking the divergence, leads to

82])/ 8@’

ot* ot’

where the relation ¢Z = vpg/po for speed of sound has been used. This is an

inhomogeneous wave equation, with the time-derivative of the heat release rate
as source term.

An expression for the acoustic energy can be derived from the momentum

equation equation (2.4) and equation (2.7), leading to a quantification of the
Rayleigh criterion. Adding the product of p’ and equation (2.7) to the inner

— gV =(v—-1)

(2.8)

. . . 1 _ —1
product of u’ and equation (2.4), and using poc2 = vpo and Ty = =,
yields

a1 p? 1 T, -1
B e - i V- -(pu)="1—"9p'0Q. 2.9
o 2poc(2)+2p0u u'| + V- (p'a) wOpQ (2.9)

This is an equation for the acoustic energy: the two terms in the square brackets
are the energy associated with compression (first term, a potential energy) and
the kinetic energy (second term), and the divergence on left-hand side expresses
the flux of acoustic energy. The right-hand side shows a source term for the
production of acoustic energy. Integrated over a volume V with boundary S
and a period of oscillation [0,7p], this equation provides a quantification of
Rayleigh’s criterion: in order for the acoustic disturbances to be maintained,
the relation between the pressure fluctuations p’ and heat release @’ should
satisfy the inequality

y—1 (TP Tp
/ / p'Q' dV dt > / / p'u’ -ndS dt, (2.10)
YPo Jo v 0 S

where n denotes the outwardly directed normal on the surface S. To convert
the volume integral of the divergence to the surface integral, Gauss’ theorem
has been used.
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In his article, Chu [6] included viscous and heat conduction terms, source
terms for mass and heat, and body forces. Taking the fluxes across the boundary
of the volume of interest equal to zero, he derived an expression that generalizes
the acoustic energy of the fluctuations to an expression including the fluctuations
in entropy. If heat conduction can be neglected, and without mass sources and
body forces, his expression for the rate of change of the energy of fluctuations
splits into two distinct expressions:

0 1 p/2 1 / /:| (v—1) / Y / /
i I S S U A I | VA s dv — | @' dV, 2.11
ot Jv {2 pocd 2/ YPo vp “ v @11

where ® is a viscous dissipation term, and

S Lo (5

where S’ is the fluctuation in entropy. The last equation can be obtained di-
rectly from the energy equation if it is expressed in terms of entropy instead of
temperature: poToaa—St/ = @'. Based on equation (2.11), the Rayleigh criterion
may be expressed as

/ / pQ dv dt > —° / @' dV dt, (2.13)
0 \% (y=1) Jo \%

but equation (2.12) shows that the Rayleigh criterion does not tell the whole
story. If heat is released in phase with the entropy fluctuations, the flow may
become unstable, even without any pressure fluctuations. If heat conduction
cannot be neglected, the contributions of source terms to the energy of fluctua-
tions cannot be split into an acoustical part and an entropic part, as was done
with (2.11) and (2.12).

Further, Chu [6] applied the theory of the energy of fluctuations to study
transfer of energy from a steady main stream, with extra source terms derived
from the main stream. He then discussed the special case of a two-dimensional
parallel shear flow as main stream, showing the work done by the Reynolds stress
and the transport of entropy spottiness across the temperature shear layers as
production terms of the energy of fluctuations.

In a closely related article, Nicoud and Poinsot [20] first derived an exact
nonlinear equation, similar to the equation for the energy of fluctuations. From
this, they derived an equation for the energy of fluctuations by linearization.
They mentioned an extra production term for the energy of fluctuations, that
appears to be missing in the derivation by Chu: —Rp—gPS’u’ - VSp, where Sy is

dV = i/ S'Q'dV, (2.12)
Cp Jv

the entropy of the mean flow. After an estimation of the order of magnitude
of the extra term, they noted that it may be larger that the classic Rayleigh
term. They concluded that for the investigation of combustion instabilities, the
energy of fluctuations should be used instead of Rayleigh’s criterion.



Chapter 3

A model suggested by
Kilicarslan

Note: In a Bachelor’s thesis project at the Eindhoven University of Tech-
nology, Tiemessen and Bastiaans [32] adjusted the model of Kilicarslan
[17], which is discussed in this chapter, with the purpose of predicting the
frequency of an experimental aerovalved pulse combustor. This report
was studied, but the discussion in this chapter focuses only on the work
presented by Kilicarslan.

In this chapter a zero-dimensional model for a gas-fired flapper-valved pulse
combustor of the Helmholtz-type, presented in an article by Kilicarslan [17],
will be examined. Figure 3.1 shows a schematic of the modeled pulse combus-
tor. In the model, the combustion chamber is taken as control volume and
an energy balance for this control volume is formulated. The amount of en-
ergy in the control volume is changed by reactants mixture entering the control
volume, by combustion inside the control volume and by products leaving the
control volume via the tailpipe. The inflow of reactants mixture is modeled
by quasi-steady flow orifice equations and depends upon the pressure difference
between the combustion chamber pressure and the supply pressure (assumed to
be atmospheric). The tailpipe flow is modeled as a plug flow, i.e., of constant
density and solely driven by the pressure difference over the tailpipe. The heat
release by combustion is assumed to be equal to the heat of combustion of the
reactants mixture entering the combustion chamber. No energy losses, e.g., by
viscous effects or heat transfer, are modeled. The gases are assumed to be per-
fect. The specific heats of the reactants entering the combustion chamber, of
the gases inside it, and of the products leaving it to the tailpipe, are assumed
to be constant and all equal. Apparently, some kind of average value is used.
This is also assumed for the gas constants of the reactants, the products, and
the mixture inside the combustion chamber.

From the mathematical model, Kilicarslan derived a frequency of operation
for the pulse combustor. In the article, the theoretical frequency of operation
is compared to experimental results with a tunable pulse combustor. In the
experiments, the tailpipe length, tailpipe diameter, combustion chamber volume
and supply pressure were varied.

Below, the derivation of the mathematical model of Kilicarslan is given,

11
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Figure 3.1: A schematic of the modeled gas-fired pulse combustor. (1) Mixer
head, (2) combustion chamber, (3) tailpipe, (4) air supply, (5) gas supply, (6,7)
flapper valves. The figure is taken from the article by Kilicarslan [17].

largely following Kilicarslan’s presentation in [17]. The nomenclature is changed
to ease the comparison with the other models examined in this report. As
will be seen, the model for the heat release implies a timing of heat release
such that the oscillatory motions necessary for pulse combustion operation are
damped. Therefore, this model is not a proper description of a working pulse
combustor. In the derivation of the theoretical frequency, Kilicarslan assumed
that the damping that results from the (incorrect) modeling of the heat release
is negligible. The fact that the Rayleigh criterion is not satisfied, which is an
indication that the model does not correctly describe a pulse combustion process,
manifests itself in the (neglected) damping term. This may be the reason why
the incorrect modeling of the heat release has gone unnoticed.

3.1 Nomenclature

Roman symbols
A-C  Auxiliary constants, see (3.18)—(3.20)

Asp Area of tailpipe cross-section [m?

A, Effective flow area air/gas valve [m?]

Cp  Discharge coefficient of valve [—]

Cp Specific heat for constant pressure [J/kg K]
Co Specific heat for constant volume [J/kgK]
e Specific internal energy [J/kg]
E Total energy [J]

f Frequency [Hz]

F Auxiliary function, see (3.21)

h Specific enthalpy [J/kg]
kg Gas valve parameter [kg!/2m!/?]
Ly, Tailpipe length [m]

m Mass flux [kg/s]

Continued on next page
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Roman symbols, continued

p  Gauge pressure (in combustion chamber) [Pa]

P Pressure (in combustion chamber) [Pa]

Q Rate of heat release [J/s]

r  Air-fuel mass ratio [—]

R Specific gas constant [J/kgK]
t  Time [s]

T  Temperature [K]

V' Volume [m3]
Greek symbols

AH; Heat of combustion per unit fuel mass [ J/kg]
¥ Ratio of specific heats, = ¢,/c, [—]

wo Angular frequency [rad/s]
p Density [kg/m? ]
Subscripts

0 initial/standard/ambient value

a  air (oxidizer)

cc combustion chamber

e  exit combustion chamber/entrance tailpipe
g gas (fuel)

p  products (burnt reactants)

r  reactants (fuel and oxidizer)

tp tailpipe

3.2 Derivation of model equations

The combustion chamber is chosen as a control volume. See Figure 3.2 for a
schematic of the control volume and sign conventions. Reactants entering the
combustion chamber consist of premixed air and gas with a constant air-fuel
ratio 7 (on mass basis). All reactants are assumed to be converted to products by
combustion. The products leave the combustion chamber through the tailpipe.

The gases are assumed to be perfect, i.e., (i) they obey the ideal gas law:
P = pRT, (3.1)

where P is the pressure, p the density, R the specific gas constant and T the
temperature of the gas, and (ii) the ratio of specific heats, v, is constant:

v = @ _ constant, (3.2)
Cy
where ¢, and ¢, are the specific heat for constant pressure and volume, respec-
tively. Since the molecular weight is constant the specific gas constant does not
vary in absence of chemical reaction. In that case the specific heats are both
constant and the specific internal energy and specific enthalpy can be written
as
e=c,T, (3.3)
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Figure 3.2: Control volume (i.e., the combustion chamber, with volume V,.) of
the modeled pulse combustor, with sign conventions and (some) model param-
eters. The values of the mass fluxes g, 1, M, and 1, are taken positive in
the directions indicated. Mixing of gas and air takes place in the mixer head (x)
and the reactants entering the combustion chamber are assumed to be perfectly
mixed.

and
h=c,T, (3.4)

respectively. Kilicarslan assumes that the ratios of the specific heats for constant
volume to the specific gas constants are equal for reactants and products, thus

(%)T = (%’)p = %’ = % = constant. (3.5)

The reactants occupy a volume V,. of the combustion chamber and the prod-
ucts occupy a volume V. The combustion chamber is assumed to be fully
occupied at all times, thus, with V. denoting the volume of the combustion
chamber:

Vi 4+ Vp = Vee. (3.6)

The state variables of the reactants and products are assumed to be uniform
throughout their volumes and the pressures of the reactants, P., and products,
P,, associated with the volumes V,. and V), respectively, are assumed to be equal
at all times:

prRT. =P =P = PP = pPRPTI)' (37)

3.2.1 Conservation of energy

An energy balance over the control volume (i.e., the combustion chamber) yields

dr cc

o= Q + hytiy. — hetite, (3.8)

where E.. is the total energy in the combustion chamber, Q is the rate of
heat release by combustion, m, and rh. are the mass fluxes into and out of
the combustion chamber, respectively, and h, and h. are the specific (sensible)
enthalpies® of the reactants and products, respectively. Under the assumptions

1 A standardized (or, absolute) enthalpy (per unit mass) h(T) at a temperature T can
be written as h(T) = h$(Trer) + Ahs(T), where h$(Tier) is the enthalpy of formation of the
substance (associated with the chemical bonds) at a certain reference temperature Tyer and
Ahs(T) is the sensible enthalpy change, i.e., the difference in enthalpy when going from the
reference temperature T,or to the temperature T: Ahs = f%;ef dh. The heat of combustion
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mentioned above the total energy in the combustion chamber can be written as

v PVec
Eoo = prexVi + ppeyVy = 2 (PV, + P,V,) = . (3.9)
R v—1
The rate of heat release @ in the combustion chamber is given by
.. AH :
Q= m,«ﬁ = 1, (he — hy), (3.10)

where AH/ is the heat of combustion per unit mass of fuel.

3.2.2 Mass flow rate into combustion chamber

The mass flow rate for the reactants (gas and air separately) are modeled by
quasi-steady orifice flow equations, assuming the flapper valves to be either fully
open or fully closed. In order to keep the air-fuel ratio, r, constant the pressure
at the gas-supply is assumed to be equal to the atmospheric pressure, Py, at
which the air is supplied. This yields for the time-dependent mass flow rate of
gas, my,

1y (t) = kg /[Pl 1(—00.0) (D), (3.11)

where kg, is a constant parameter corresponding to the flow through the gas
valve, p is the gauge pressure of the combustion chamber, i.e., p = P — Py, and
1x(z) is an indicator function equal to one if z is an element of the set X C R
and zero otherwise. Thus, there is only inflow if the pressure in the combustion
chamber is below the atmospheric pressure. Since \/H = /—p for p < 0,
expression (3.11) could equivalently be written with —p instead of the absolute
value |p|. The form given in (3.11) is preferred in order to avoid confusion about
the meaning of \/—p for p > 0. The constant k4 is given by

kg = \/204CD g Av.g» (3.12)

where p, is the density of the gas, Cp 4 is a discharge coefficient of the gas valve
and A, 4 is the effective flow area of the gas valve (see Ahrens et al. [2]).

For the mass flow rate of air, 1,, a similar expression can be written with
corresponding parameters p,, Cp 4 and A, ,. Using the air-fuel ratio, r, the
mass flow rate of the reactants can be expressed as i, = rg(1 + 7), thus

it (8) = kg (1 +7)v/[p] 1(—o0,0) (p)- (3.13)

Note that for p < 0 the air-fuel ratio is given by r = 1h, /1, yielding

Pa CD,aA'u,a
r=, [PaZDalva (3.14)

Pg Cp.gAv,g
(Ahy) at a certain reference state is defined as the difference of the standardized enthalpies
of the reactants (hreac) and the products (hprod) at that reference state and, thus, is equal to
the difference in enthalpies of formations at that reference state: Ahy(Trer) = hreac(Tref) —
hprod (Tref) = h?’reaC(Tref) - h?’prod(Tref). In the derivation of the model equations, the
enthalpies of formation are contained in the heat release term, so the enthalpies h, and he in

the derivation are sensible enthalpies, or sensible enthalpy changes. See, for example, [33, p.24—
31] for details.
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3.2.3 Coupling to tailpipe dynamics by conservation of
momentum

The flow in the tailpipe is assumed to behave like a plug flow: it is considered
to be of constant density and moving frictionlessly under the influence of the
pressure difference between tailpipe inlet and exit. Conservation of momentum
in the tailpipe gives the following differential equation for the mass flow rate 7,
into the tailpipe:
dm

LtpT; = pAtp7 (315)

where Ly, is the tailpipe length and Ay, the area of its cross-section.

3.2.4 Complete set of model equations

Substitution of the total energy (3.9), the rate of heat release (3.10) and the
mass flow rate of reactants (3.13) into the energy balance equation (3.8) together
with equation (3.15) for conservation of momentum lead to the following system
of first-order nonlinear differential equations

d
diz = AF(p) — Bihe, (3.16)
dme
= 1
pn Cp, (3.17)
where
-1
A = kg(1+r)LV Jhe (3.18)
=Dk
B = ——— 1
s (3.19)
Ay
c = Zi 3.20
£ (3.20)
F(p) = VIPl1(—s0,0)(p), (3.21)
with (see expression (3.10))
he = <hr + AHf) . (3.22)
147

By differentiating equation (3.16) and substitution of equation (3.17) a single
second-order nonlinear differential equation is derived. Note that the function
F(p) is not differentiable in p = 0. Thus, its derivative F’(p) is not properly
defined in that point; it will be defined as F'(0) = 0, i.e., equal to the right-hand
derivative of F' in p = 0. This yields the model equation of Kilicarslan for the
gauge pressure p in the combustion chamber:

d2
de — AF'(p)

dp
= 2
s + BCp =0, (3.23)

where
_dF 1

!/
F'(p) o N 1(—oo,0)(D)-
The mathematical model is completed by supplying appropriate initial condi-
tions, e.g., prescribing the initial gauge pressure, p(0) = pg, and initial mass
flux out of the combustion chamber, . (0) = 17 o.

(3.24)
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3.3 Prediction of frequency of pulse combustion

Kilicarslan uses equation (3.23) to estimate the frequency of a stable pulse com-

bustion process. Without giving much justification it is implicitly assumed that

the damping term fAF’(p)Z—ZZ of equation (3.23) is of negligible effect on the

frequency of the pulse combustion process. In that case the approximated fre-
quency of the simulated combustion process, fo, is given by

wo 1 \/ ("}/ — ].)hc Atp
=2 _- _~\/BC = 2
fo=5, =5, VBC o VeeLip’ (3.25)

where wq is the angular frequency associated with the harmonic oscillator de-
scribed by ignoring the damping term fAF’(p)% in equation (3.23). Note
that this is simply the frequency of a Helmholtz resonator without resistance
in the case that the speed of sound is given by that in the tailpipe: /YRT. =
\/(fy —1)c,T. = /(v — 1)he, where T, is the temperature in the tailpipe, i.e.,
at the exit of the combustion chamber. (See Thompson [31, pp. 549-550] for a

derivation of the resonant frequency of a Helmholtz resonator.)

3.4 Comments on the mathematical model

3.4.1 Damping effects

The model equation (3.23) can be written as
&+ h(x, &) + wir =0, (3.26)

where © = p(t), wp is given by expression (3.25), a dot denotes a time derivative
and h(z, ) is defined by
h(z, &) = —AF'(z), (3.27)

with F/(z) given by (3.24). The equation can be interpreted as describing a
linear oscillator with nonlinear damping. Following the analysis of Jordan and
Smith [13, pp. 16-17], we can write the total mechanical energy £ of the oscillator

as
1 1
E=T+V= 5:’8 + inxQ, (3.28)

where 7 = %:'UQ and V = %w%xQ are the kinetic energy and a potential energy,
respectively. Along a phase path (z(t),Z(t)) the energy variation with time is
given by

d¢  dT dV

i i wird = —h(x, ). (3.29)
Integration of this expression with respect to time from ty to t; gives

t1
() — E(ty) = — / h(w, &)idt. (3.30)
to
Because h(z, i) = —AF'(x)2? > 0 for all times (and strictly so if x < 0) the
energy will be decreasing as time passes. The amplitudes of oscillation in z, i.e.,
in the gauge pressure p in the combustion chamber, will be diminishing in time
and never increasing. Thus, the mathematical model presented by Kilicarslan
cannot describe a stable operating pulse combustor.
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3.4.2 Using Rayleigh’s criterion to explain damping effect

Above it was found that the amount of damping (in the sense of energy loss
per unit of time) is related to fAF’(p)(%f > 0, which is proportional to
the parameter A. This parameter is given by expressions (3.18) and (3.22)
and it comes from mass flow of reactants into the combustion chamber (part
of the sum in A proportional to h,, see (3.22)) and from heat release in the
combustion chamber (part of A proportional to AHy, see (3.22)). On noting
that the mass flow rate into the combustion chamber occurs when the gauge
pressure is negative and the rate of heat release is modeled to be proportional
to the mass flow rate an explanation for the damping is given by application of
the Rayleigh’s criterion. At the moment of greatest rarefaction both mass and
heat are added to the combustion chamber, both with the effect of diminishing
the pressure amplitude. In pulse combustors the heat release should be greatest
at moments of greatest condensation thereby amplifying the oscillatory motion.

Clearly the heat release is modeled incorrectly in the work of Kilicarslan. His
mathematical model for pulse combustion is largely based on that of Ahrens et
al. [2]. The main difference is in the modeling of the heat release. That is why
in the next chapter the model of Ahrens et al. will be examined.

3.5 Numerical implementation and experiments

The system of model equations (3.16)—(3.22) is numerically implemented using
MATLAB [30] software. The standard MATLAB ODE-solver ode45? is used to
solve the equations. The implementation in MATLAB is straightforward; the
codes can be found in Appendix A.

In order to solve the model equations numerically, the model parameters need
to be specified, as well as the initial conditions. For the purpose of showing
the damping of the pressure fluctuations in the mathematical model, one or
two sets of parameters will suffice. In the experiments of Kilicarslan, the gas
supply pressure and geometrical properties of the combustor (the volume of the
combustion chamber, and the tailpipe length and diameter) were varied. For
the numerical evaluation of the model equations, the gas supply pressure will
be chosen equal to the air supply pressure of 1 atm. The other parameters
that were varied in the experiments are listed in Table 3.1, along with ranges
over which they were varied and the values that were selected for the numerical
evaluation of the model equations. These parameters are chosen such that they
lie somewhere in the middle of the intervals over which they were varied.

Except for the gas and air supply pressure (the latter equal to 1 atm), none
of the other model parameters were specified by Kilicarslan. Nor is the kind of
gas mentioned that was used in the experiments. Therefore, for the numerical
evaluation of the model equations, the model parameters are assigned rather
arbitrary, although reasonable, values. In order to obtain reasonable values, the
article of Ahrens, et al. [2] (upon which a large part of Kilicarslan’s analysis is
based) was consulted. The heat of combustion of the fuel used for the numerical

2The MATLAB function ode45 is part of a suite of ODE-solvers. It is an implementation of a
one-step method with adaptive step-size control that uses two explicit Runge-Kutta methods,
based on the Dormand-Prince (4,5) pair. That is, it uses fifth and fourth order Runge-Kutta
formulae to obtain an estimate for the local error in order to determine the step-size. See [29]
for a comprehensive description of the MATLAB ODE suite.
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’ Parameter H Range in experiments \ Value used \ Unit ‘
Dy, 0.038 — 0.051 0.042 m
Ly, 1-3 2 m
1.739800 x 10~3
Vee 2.609705 x 1072 2.609705 x 107 | m?
3.479607 x 10~3

Table 3.1: Model parameters connected to the shape of the pulse combustor, the
ranges over which the values of these parameters are varied in the experiments
of Kilicarslan, and the values used in the numerical evaluation of Kilicarslan’s
model equations.

evaluation is that of methane (CHy). The reference temperature and pressure for
the heat of combustion are 298.15 K and 1 atm, respectively. The lower heating
value (LHV) is used, since part of the heat released is used to evaporate formed
water from the reference temperature to the temperature of the products. The
discharge coefficients of the valves are chosen the same as in the article of Ahrens
et al., who, lacking information for a correct value, chose rather arbitrarily the
value 0.6. Air property values (at 300 K and 1 atm) are used for the gas
constant and the heat capacity at constant pressure. The value used for the
effective flow area of the gas valve is based on that of a pulse combustor of
comparable dimensions mentioned in the article of Ahrens et al., and is about
1/100 of the value used for the area of the tailpipe cross-section. Thus, the gas
valve diameter is in the order of a tenth of the diameter of the tailpipe. It is
assumed that the dimensions of the air valve are such that the air-fuel ratio, r,
is constant at the stoichiometric value. This ratio is easily calculated by using
the common approximation of air as consisting of 21% oxygen (O3) and 79%
nitrogen (N3) (by volume), i.e., for each mole of Oy there is 29 ~ 3.76 moles of
Ny in air. Then, using the chemical balance

CHy +2 (02 + 3.76 NQ) —  (CO5 +2H50 (g) + 7.52 No, (331)
the air-fuel ratio (on mass basis) is given by

2 (M 76 x M 2 (31. 76 % 28.01
p = 2(MWo, +3.76 x MWy,) _ 2(31.999 +3.76 x 28013) 7 19 (5 39y
MWcn, 16.043

where MWx denotes the molecular weight of a substance X. The values of the
molecular weights are obtained from [28, Table 2, p.343].

Some auxiliary constants are needed to compute the model parameters. All
values used in the numerical evaluation of the model equations are listed in
Table 3.2 (in addition to Table 3.1).

The initial conditions are chosen as indicated in Table 3.3. That is, the initial
gauge pressure is equal to the atmospheric pressure (thus, the initial pressure in
the combustion chamber is twice the atmospheric pressure) and the initial mass
flux into the tailpipe is zero, making the initial pressure a (local) maximum.

The pressure development in the combustion chamber over time predicted
by the model equations is shown in Figure 3.3. The figure shows such strong
damping that not even one cycle is completed. In order to get some kind of
oscillations into the system, the model parameters are adjusted. Oscillation can
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’ Parameter H Value used \ Unit \ Comment ‘

Ay = nD; /4 m?

Ay g 6.26 x 10—° m? Ahrens, et al.

Cb,g 0.6 - Ahrens, et al.

Cp 1009.7 J/kgK air prop., [28, p.346]

he = h, + 71 J/kg

hy = ¢, 1o J/kg

kg = /204Cp gAuv,y | kg'/*m!/?

MW, 16.043 kg /kmol mol. weight, [28, p.343]

Py 1.01325 x 10° Pa =latm

r 17.12 — stoich. ratio, computed

R, 287 J/kgK air prop., [28, p.343]

R, = R,/MW, J/kgK

R, 8.31441 x 103 J/kmol K | univ. gas const., [28, in back]

To 300 K

AH; 50.016 x 10° J/kg LHV, [33, p.543]

Table 3.2: Model parameters (and auxiliary values to compute model param-
eters) used for the numerical evaluation of Kilicarslan’s model equations. Pa-
rameters are taken from work of Ahrens et al. [2], computed, or looked up in
tables in [28] or [33].

’ Initial condition H Value used \ Unit ‘
p(0) 1.01325 x 10° | Pa
1. (0) 0 kg/s

Table 3.3: Initial conditions used for the numerical evaluation of Kilicarslan’s
model equations.

Gauge pressure (kPa)
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Figure 3.3: Development of the pressure in the combustion chamber over time,
as predicted by the model equations of Kilicarslan. The model parameters were
given ‘reasonable’ values; very strong damping results.
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Figure 3.4: Development of the pressure in the combustion chamber over time,
as predicted by the model equations of Kilicarslan. Model parameters were
changed significantly in order to achieve oscillations. Still, very strong damping
remains.

be achieved by decreasing the damping, for example by decreasing the effective
flow area of the gas valve, A, 4: that decreases ky, see (3.12), which decreases
the constant A, see (3.18), decreasing the damping term in (3.22). If the effective
flow area of the air valve is decreased by the same factor, the air-fuel ratio will
be unchanged (see (3.14)). An increase of the frequency can be achieved by, for
example, increasing the volume of the combustion chamber, or decreasing the
tailpipe length, as is suggested by the formula for the frequency of operation (see
(3.25)). Only with the use of very different values can some oscillations in the
system be achieved. Figure 3.4 shows the results after halving the effective flow
area of the gas valve, and taking ten times the combustion chamber volume and
a quarter of the tailpipe length used above. Still, the damping is very strong.

It is clear that the model equations cannot correctly describe a stable oper-
ating pulse combustor.

3.6 Conclusions

Kilicarslan [17] has suggested a lumped parameter model for a gas-fired Helm-
holtz pulse combustor with flapper valves. In his paper, an energy balance
analysis of the combustion chamber, with simple steady-flow orifice equations
describing the reactants inflow and a certain heat release model for the com-
bustion, is linked to a plug flow description of the products in the tailpipe. It
leads to a second order differential equation for the pressure in the combustion
chamber. Neglecting the damping term, an approximation for the operating
frequency of the pulse combustor is arrived at.

In this chapter, the model mentioned above has been examined analytically
and numerically. The derivation of the model equation