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I. INTRODUCTION

Dynamical systems are a essential part of the modern mathematical and physical
community. They’re popularity can be attested to in almost all aspects of science.
As an example, consider the system of differential equations describing the motion
of an object under the influence of some constant downward acceleration.

8

=a(t) =0
_V(t) =a(t)
" X(t) = v(t)

Here, X(t) describes the vertical position of the object, v(t) describes its velocity, and
a(t) describes its acceleration, all with respect to time t. This differential equation
can easy be solved as follows.

8

=a(t) = a(0)

_V(t) = a(0)t+v(0) (1)
" x(t) = Za(0)t? + v(0)t + x(0)

This system of solutions is referred to as a dynamical system. Here we see the
purpose of dynamical systems: describing the solutions of differential equations. We
state this more formally with the following definition.

Definition I.1. Dynamical System

Say we have a continuous system of di erential equations x = F(x;t) with

F:S R T S, whereS is some open subset of R".

The dynamical system :S R ¥ S is a continuously di erentiable mapping that
de nes the solution curve of our system of di erential equations that passes through
the point xo 2 S at t = 0 [15][23].

Some dynamical systems are much more complicated than Equation and require
numerical integration techniques in order to be approximated (direct solutions are
often impossible to find). A particularly famous example of such a dynamical system
is that of the Lorenz system [19].

8 .
=X= (y X)
Yy=x( 2)y (2)
T2 =Xy z
Here, , ,and 2R, and X, Yy, z are real functions of t 2 R.
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Figure 1: The Lorenz attractor, where =10, =28, and = 8=3. Here, we generate
this attractor from solution curves originating very near the origin, which is an
equilibrium point of this system (an equilibrium point of a system of di erential
equations X = F(Xx;1t) is a point X in the phase space where Xe = 0).

We can numerically approximate the dynamical system to the Lorenz system using
an explicit Runge Kutta method. Choosing a specific set of parameters and initial
conditions, we plot approximations to specific solution curves in the x.,y,z-graph
(called a phase space) in Figure . As a result, we see a very curious structure
forming in the phase space: it seems that the solution curves we plotted eventually
converge to some bounded set in the phase space, something that resembles the wings
of a butterfly. This set is called the Lorenz Attractor, a classic example of the more
general concept of a strange attractor [15].

Strange attractors, because of their complicated structures and ability to describe
steady-state situations, are a topic of great interest in the modern dynamical systems

4
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community. Being able to efficiently and easily visualize them would be a signifi-
cant step forward in terms of mathematical research. In this document, we will be
exploring the properties of strange attractors, as well as investigating the current
methods used to visualize them. We will then be analyzing a new method of visual-
ization, explaining its inner workings, applying it to well-known dynamical systems,
and comparing it to the visualization methods currently available.
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II. STRANGE ATTRACTORS IN DYNAMICAL SYSTEMS

In Section[I| we loosely explained some basic concepts concerning dynamical systems
but refrained from concretely defining them. Let us first rectify this.

Definition II.1. Attracting Set

Lets say we have the dynamical system :S R ¥ S of a system of di erential
equations. A closed, invariant set A S is called an attracting set of our system of
di erential equations if there exists some neighborhood N of A such that any solution
trajectory (x; ) with x 2 N has ata 0 so that (x;t) 2 Aforallt ta [15].
The maximal neighborhood Ny,ax of A where this is the case is called the basin of
attraction of A.

Definition I1.2. Attractor

Lets say we have the dynamical system :S R ¥ S of a system of di erential
equations. Suppose A is an attracting set of our system of di erential equations. The
set A is an attractor if it contains a dense orbit; that is, there exists a trajectory that
passes through or comes in nitely close to every point in A. This ensures that A is
not the union of two or more distinct attracting sets [15][21].

Attractors are not an uncommon sight in dynamical systems: stable equilibrium
points, stable limit cycles, and stable limit tori are all examples of attractors that
can occur in a dynamical system. However, defining whether an attractor is strange
or not takes some more effort, and it all has to do with the concept of dimension.

Lets say we have a nonempty set B in R". The topological dimension of B is simply
the formal name for the well-known, everyday concept of dimensionality. Accord-
ing to topological dimensionality, a point is O-dimensional, a line is 1-dimensional,
a plane is 2-dimensional, and so on. Notice that the topological dimension of B is
always an integer value greater or equal to 0, and no greater than n [13].

We must define another concept of dimensionality before we can proceed. Suppose
we have the set B defined as before. We define the s-dimensional Hausdorff measure
of B as follows [7]:

(s >

H*(B) = li{I(l) inf jCij*> : fCig is a "-cover of B
) i=1
Here, a —(§VGI‘ of B is a countable set fCjg so that supfjx yj:x;y 2 Cijg " 8i
and B 1 Ci. Using this measure, we can define the Hausdorff dimension (or
Hausdorff- Besmowtch dimension) of B as follows [7]:

dimy(B) =inffs  0:H®(B) = 0g (3)
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Now that we have de ned the concepts of topological and Hausdor dimensionality,
we can move on to the de ning of a fractal, which are essential structures in strange
attractors.

De nition 11.3. Fractal

Say we have a nonempty sé& in R". The setB is a fractal if the Hausdor
dimension of B is strictly greater than the topological dimension oB [13]. Often,
this is described as self-similarity: the fractal is constructed of parts that in turn
resemble (not necessarily copy) the whole structufe [7].

Finally, we can de ne a strange attractor very simply.

De nition 11.4. Strange Attractor

Lets say we have the dynamical system: S R ! S of a system of di erential
equations. Suppos@ is an attractor of our set of di erential equations. The setA

is a strange attractor if its attracting set is fractal in nature. In layman's terms, this
means thatA has a much more complicated geometric structure than, for example,
an equilibrium point, a limit cycle, or limit torus [2][21].

We can further classify strange attractors in two categories: self-excited and hidden.
However, in order to formally de ne these two categories, we must rst provide a
few more de nitions.

De nition 11.5. Equilibrium Point

Lets say we have the system of di erential equations= F(x). An equilibrium point

Xe Of this system is a point in the phase space wheféx.) = 0. In order words,
the equilibrium point is invariant under the corresponding dynamical system. For
our purposes, we require that an equilibrium point must be distinct, i.e. there exists
a nonempty neighborhood around (but not includinge such that all points in this
neighborhood are not equilibrium points [15].

De nition 11.6. Manifolds of Equilibrium Points

Lets say we have the dynamical system: S R ! S of a system of di erential
equations that contains equilibrium poink.. A manifold W (x,) is a set of points in
the phase space whereby either:

limyy  (X;t) = Xe for all x in W(Xe), in which case the manifold is called a
stable manifoldW * (x¢) [2].

limg 1 (x;t) = X for all x in W(Xg), in which case the manifold is called
an unstable manifoldW (xe) [2].

We can now de ne self-excited and hidden strange attractors.
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De nition 11.7.  Classi cation of Strange Attractors
Lets say we have a system of di erential equations that contains equilibrium points.
SupposeA is a strange attractor, then

A is self-excited if its basin of attraction contains at least one equilibrium point
[11].
A is hidden if its basin of attraction contains no equilibrium points [11].

Per de nition, self-excited strange attractors can be easily visualized by simply plot-
ting the unstable manifolds of the equilibrium points, which are usually easy to nd.
At least one of the unstable manifolds will ow into the strange attractor and, given
enough time, will show how the attractor behaves. On the other hand, nding hid-
den attractors is much more di cult since they can be located anywhere and are not
accessible through the equilibrium points. Much more work and time is required to
investigate if a hidden attractor is even present in the dynamical system, let alone
how it is structured and where it is located. Currently, research is being done on
how to locate hidden attractors more easily [11][10][12].

We present a few examples of strange attractors in the following subsection, all of
which are self-excited attractors and thus easy to visualize.

I. Examples of Strange Attractors

i.1 Lorenz Attractor

As we have seen before in Section I, the Lorenz system is one of the most famous
dynamical systems that can contain a strange attractor. For the reader's convenience,
we again give the Lorenz system below [6][19].

8
2x= (y x)
Sy=x( 2) vy (4)
z=Xxy z
Here, , ,and are all real valued parameters.

The rst thing we want to do is present a lemma about the symmetrical nature of
the Lorenz system.

Lemma Il.1 (Symmetry of the Lorenz System ). The Lorenz system is sym-
metric under the transformation(x;y;z) ! ( x; Vy;z) [15].

8
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Proof. The proving this lemma is extremely simple and can be done using the fol-
lowing equivalent statements.

X= (y X) x= (Cy) (x)
y=x( 20y y=(x0 20 (VY
z=xy z z=( X)(y z

O

This means that if one structure appears in the %; +y-plane, then that same struc-
ture will appear in the x; y-plane. This is also true for any equilibrium points
that the Lorenz system might have.

Speaking of equilibrium points, the Lorenz system, under very weak conditions, has
the following equilibrium points.

Lemma [1.2 (Equilibrium Points of the Lorenz System ). The equilibrium
points f (Xe; Ye; 6)9 of the L0I5enz system given in Equatiod) with 6 0 are
(0;0;0) and ( ( 1 ( 1 1.

Proof. In the rst equation, Xe = (Ye Xe) =0, meaning that Xe = Ye.
In the second equationye = Xe(  Ze) VYe =0, meaning that ye = Xe(  Zo).
In the third equation, z. = Xeg¥e Ze =0, meaning that z ¢ = XeYe.

CombiBing these three equations)y ¢ = Ye( y2), meaning that eithery, = 0 or

Ye = ( 1).

Thus,rja\ny equilibrilﬁ”n point of the Lorenz system where 6 0 must be either (C; 0; 0)
or ( ( 1); ( 1); 1). If =0, then the only equilibrium point of
the system is the origin. O

Of course, this means that two of the equilibrium points of the Lorenz system do not
exist in the real phase space unlesss 0 and > 1. Because of this, we will indeed
assume from now on that > 0 and > 1.

The Lorenz Attractor is constructed around the nonzero equilibrium points of the
Lorenz system, spreading out like twisted butter y wings. One of the easiest ways
of visualizing this attractor is setting the parameter =10, =28, and = 28;
indeed, these are the values that Lorenz himself used when he was rst studying this
system [6][19]. Figure 2 gives a visual representation of the Lorenz Attractor, using
these parameter values.
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Figure 2: The Lorenz Attractor, developed from the unstable manifolds of the origin,
where =10, =28, and =8=3.

As one can see, the attractor per de nition is invariant under the dynamical system:
a trajectory inside the attractor will forever remain inside it. But it is the shape of
the attractor that makes it strange. The Lorenz Attractor's structure is much more
complicated that a simple attracting point or limit cycle; since the Lorenz Attractor
was concretely proven to be a strange attractor in 2002, it has been con rmed that
it is also indeed fractal in nature [22].

i.2 Chua Attractor

Chua Attractor occurs in a system of di erential equations describing the current
and voltage owing through a simple electronic circuit consisting of two capacitors,
one inductor, one nonlinear resistor, and a Chua diode [18]. The system was named
after its founder Leon Chua, who introduced the system in the mid 1980's [14].

We will simply treat the Chua system as a mathematical system without paying
too much attention to the physical interpretation of it. For this reason, we will be

10
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working with a simpli ed version of the system, one which still exhibits the strange
attractor we are looking for.

= (y x f(x)
X y+z (5)

y

8
2

\Y
|Nrﬁ|><

Here,f is a nonlinear function that describes the change in resistance versus current
in the Chua diode [18]. Mathematically, multiple sources of literature simply de ne
the function as follows [14][18][11][10][12].

1 . - .
()= mx+ S(mo my)(ix+1j j x 1))
8
2mix+(my mg) x2(1 ; 1) (6)
= _ moX x2[ 1;1]
>

' m1X+(mo ml) X2(1,1)
Now, we de ne the system's equilibrium points.

Lemma 1.3 (Equilibrium Points of the Chua System ). The equilibrium points
f (Xe; Ye; Ze)g Of the Chua system given in Equatios) with nonlinearity function f
de ned in Equation (6) are

(0;0;0)if mg 60
My Mg, Mg My

if (Mo+1)(m1+1) <0

m;+1 " m;+1
Mg My m; Mg .

: 0; if (mg+1)(my+1) <0
0T T (o 1)(my + 1)

Proof. Inthe rstequation, Xe = (Ye Xe f(Xe)) =0, meaningthat ye = Xe+f (Xe).
In the second equationye = Xe Vet Ze = 0, meaning that ye = Xe + Ze.
In the third equation, zz.= y =0, meaning that y, = 0.

Combining these three equations, we immediately see that any equilibrium point of

the Chua system is Xe;0; Xe) Where xe + f (X¢) = 0. Therefore, it is crucial to
calculate Xe.

We must rst prove that the function f as de ned in Equation (6) is an odd function;
thatis, f(x)= f( x).

11
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8
2 my( x) (my mg) x2(1 ; 1)
f(x)=> mo(  X) x2[ 11]
mi( x) (Mg my) X2 (1)

2mx+(mp my) x2(1;1)

= Mox x2[ 1,1]
"mx+(my mg) x2(1 ; 1)
= f(x)

In this case, we can keep focus primarily on positive valuesf If there exists some
intersect point Xe SO that Xxe + f (Xe) =0, then X+ f( Xe) =0.

Furthermore, we only consideKx, to be a viable answer to the equatiome+ f (X¢) = 0

if there exists some open neighborhood iR around X, that does not contain any
other solution to the equation. This is in order to ensure that each resulting equilib-
rium point is its own individual, independent point in the phase space.

Sayx 2 [0; 1].

Thenf (x) = mgx. Itis trivial to conclude thatif m06 1, thenxg+f (x¢) =0ifand

only if Xxe =0. If m0O = 1, then x, can be any value in [@1]. Thus, we do not con-
sider the equationx+ f (X¢) = 0 to have any viable solutions on [@1] whenmO = 1.

Sayx 2 (1;1).
Thenf (X) = mx+(mg my). Then xe+ f(Xe) =0 for Xe =(mMy  mg)=(my +1).
The question is whether this value falls in the range (1 ).

For ease of analysis, let us de ne a new functiog: R?! R, de ned asg(mg; m;) =
(my mg)=(my +1) = Xe. The function g is almost everywhere di erentiable, with
the exception being wherm; = 1.

@g: 1
@m mi+1
@g_ mg+1l

@m (m;+1)2

Assumemg < 1.

Then @g=@mx O for all m; 2 Rnf 1g. Also notice that limy,;; g = 1. Thus,
we can conclude that fom; 2 (1 ; 1), the function g always takes on a value less
than 1; in the same way form; 2 ( 1;1 ), the function g always takes on a value

12
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greater than 1.

Sinceg(mg; m;) = Xe and since we requirexe 2 (1;1 ), we can conclude that for
m; < 1, the intersect pointxe does not exist. Whenm, > 1, then the intersect
point is dened asxe = (m; mg)=(my;+1) 2 (1;1). If my = 1, we can then
immediately see that ifxe + f (X¢) = 0, then my = 1. However, becauseng < 1,
the intersect point X cannot exist.

Assumemg > 1.

Then @g=@n» O for all m; 2 Rnf 1g. Also notice that limy,;; g = 1. Thus,
we can conclude that form; 2 (1 ; 1), the function g always takes on a value
greater than 1; in the same way fom; 2 ( 1;1 ), the function g always takes on a
value less than 1.

Sinceg(mg; m1) = X and since we require thake 2 (1;1 ), we can conclude that for
m; > 1, the intersect point X, does not exist. Whenm; < 1, then the intersect
point is dened asxe = (m; mg)=(my;+1) 2 (1;1). If my = 1, we can then
immediately see that ifxe + f (Xx¢) =0, then mg = 1. However, becausen, > 1,
the intersect point X, cannot exist.

Assumemg= 1

Thenxe+ f(Xe) =0, (mMmp+1)Xe=(my+1). From this we can must conclude that
m; = 1 sincexe > 1. However, ifm; = 1, then X can be any value in (11 ).
Thus, we do not consider the equatiorxe + f (Xe) = 0 to have any viable solutions
on(L1)ifmg= 1.

Therefore, the only viable solution forxe 2 (1;1 ) is
mq Mg .
Xe= ——— if(Mg+21)(my+1) <0
0= T i (Mo+ 1)(my+1)
However, we proved previously that that the functiorf (x) is odd. Therefore, we can
immediately conclude that the only viable solution forxe 2 (1 ; 1)is
Mg My .
Xe= ——— if(Mg+1)(my+1) <0
0= T i (mo+1)(my+1)

In conclusion, the only equilibrium points of the Chua system are
(0;0;,0)if mg 60

M1 Mo.g Mo M1 e iy +1)(my+1) < 0

m;+1 m;+1
Mo m; mq 0 .

;0 if (mg+1)(my+1) <0
o0, if (mo+ 2)(m + 1)

13
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]

The Chua Attractor twists around all three equilibrium points when they exist,
sometimes generating a structure that most people describe as the "double scroll”
[18]. We visualize this attractor by choosing an appropriate set of parameters and
plot the unstable manifolds of the origin. Given enough time, they give an accurate
representation of Chua's "double scroll", as shown in Figure 3.

Figure 3: The Chua Attractor, developed from the unstable manifolds of the origin, where
=15:6, =28, mg= L115and m; = 0:7 [18]. The strange attractor
revolves around all three equilibrium points, which in this case are (0, 0, 0),
(1.5, 0, -1.5), and (-1.5, 0, 1.5).

Again, we can see from this complicated invariant structure that this is indeed a
strange attractor.

i.3 Rassler Attractor

The Ressler Attractor was rst described by O. Ressler in 1976 as a play model for
many physical and chemical phenomenon, including the Lorenz system [16]. The

14



Master's Thesis Literary Analysis April 26, 2019

Ressler system of equations is simply given as

8
2x= (y+2
JY=x+y (7)
z= +z(x )
Here, parameters , , and are real-valued parameters. The equilibrium points of

this system are of particular interest and as such are de ned in the following lemma.

Lemma 1.4 (Equilibrium Points of the Rassler System ). The equilibrium
points f (Xe; Ye; Ze)g Of the Ressler system given by Equatio(v) with 6 0 is given

by I
T Po—7— P

2 ’ 2 ’ 2

Proof. In the rst equation, Xe = (Ye+ Z¢) =0, meaning that yo = z.
In the second equationy, = X+ Yy ¢ =0, meaning that Xe = Y.
In the third equation, z. = + z¢(Xe ) =0, meaning that zzxe z¢+ =0.

Combining these three Igquations,z 2 Ze+ =0,

meaning that z, = ( 2.4 )=52).

Thus, Sny equilibrium point Bf the Ressler system where 6 0 must be

( 24 )=2( 24 =2 )i( 2 4 )2 ) . Ofcourse,
the equilibrium points are only real if 2 4 0.

If =0, then any equilibrium point of the Ressler system where 6 0 must be
@ =:=).

If = =0, then any equilibrium point of the Ressler system must be
(0; ze; ze) Wherez, 2 R. However, this is only possible if =0

O
Ressler rst used the parameters =0:2, =0:2,and =5:7 in order to generate

his attractor. With these parameters, the Ressler system has the approximate equi-
librium points (5.693, -28.465, 28.465) and (0.007,-0.035, 0.035). It is interesting to
note that the Ressler Attractor only circles around the latter of these equilibrium
points, not both like in previous examples. In this case, the attractor is shaped like
a mobius strip around this single equilibrium point, connecting the outer-most edge
of the upward-rising " air" with the inner-most edge of the horizontal spiral. This

is exempli ed in Figure 4.

15
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Figure 4: The Ressler Attractor, developed from the unstable manifolds of the equilibrium
points (0:007. 0:035 0:035), where =0:2, =0:2, and =5:7[16].

ii. Chaos Theory and Strange Attractors

All the strange attractors featured in the previous subsection have been chosen specif-
ically, as they also exhibit a very interesting phenomenon: chaos. In order to de ne
chaos, we must rst understand a concept central to chaotic dynamical systems.

Chaos in essence has to do with how microscopic di erences in initial conditions can
lead to macroscopic di erences in the resulting trajectories given enough time. Let
us say we have the system of di erential equationx = F(x;t) with corresponding
dynamical systemx(t) = (x(0);t). Say we have a reference trajectory,(t) and a
perturbed trajectory x,(t), where"(t) = jxi(t) Xxo(t)j. We assume that"(0) 1.
We then de ne the maximum Lyapunov exponent as the eventual exponential rate
of expansion [2]. |

"(t)

!
(@) = lip lim o s (8)

16
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With this equation in mind, we can easily de ne chaos.

De nition 11.8  (Chaos). Chaos is the phenomenon where a dynamical system is
extremely sensitive to initial conditions in some se€C R". Mathematically, C
exhibits chaos if for allx 2 C, the maximal Lyapunov exponent(x) is positive [2]}

Simply put, let's say we have two trajectories in a dynamical system with extremely
similar (yet distinct) initial conditions. If these trajectories are found in a chaotic
subspace of the phase plane, then chaos dictates that the microscopic di erence
in initial conditions will eventually result in macroscopic di erences between the
trajectories [2][23].

As an example of the Lorenz Attractor's chaotic nature, we present a simple but
e ective situation. Suppose we take the Lorenz system de ned in Equation (4) with
the same parameters declared in Figure 2. We then plot two trajectorieg(t) and
X»(t) with initial conditions that are "(0) = jx1(0) x»(0)j = 10 ° apart. Figure 5
then shows the component-wise progressionof(t) and x(t).

1The authors are aware of the existence of a dynamical system's Lyapunov spectrum. However,
we do not see the need of characterizing systems as hyperchaotic or not, and thus nd it su -
cient to just de ne the maximal Lyapunov exponent for the purposes of this document. For more
information, see [2][21]

17
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Figure 5: The component-wise progression ofk1(t) (in red) and X»(t) (in blue) in the
Lorenz system when =10, =28, and =8=3. These plots were generated
with and RK14(10) method using a timestep 0f0:001 [8][9].

One can easily notice the di erence betweer,(t) and x,(t) after a certain amount
of time has passed. Because of the extraordinarily accurate numerical integration

18
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method used in developing these gures, the di erence between the trajectories can
only be a result of the chaotic nature of the Lorenz Attractor.

As a point of interest, one could assume that all strange attractors are chaotic, but
this is not the case. We can prove this by simply giving an example of the contrary.
The discrete Feigenbaum Attractor is an example of a strange attractor that is in fact
not chaotic [2]. Thus, we can see that chaos is present in many strange attractors,
but it can not be used to truly de ne a strange attractor.

Chaotic attractors in particular, because of their intriguing behavior and occurrence
in many areas of science, are phenomena that are on the foreground of modern
mathematical research. One of the current topics in this eld of research is the
localization of these attractors: determining which sets of the phase space could
contain an attractor and which sets cannot. In the next section, we will be exploring
some current localization techniques currently in use. Then we will explore a new
localization technique that has surfaced in recently years, showing potential in easily
localizing chaotic attractors in a great many systems.

19
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[1l. Current Methods of Localization

Localization can be seen as narrowing down the location of a strange attractor,
should it exist [4][17]. The usefulness of localization can be explained with a thought
experiment. Say we have a dynamical system and we wish to investigate whether
this system under a certain set of parameters contains a strange chaotic attractor.
Instead of searching the entir@-dimension phase space, we apply a localization anal-
ysis over our dynamical system. In this way, we only need to investigate the regions
permitted by the localization analysis to potentially contain a strange attractor, and

ignore the rest. This would speedup the search for a strange attractor signi cantly.

Here we present an overview of a number of localization techniques.

I. Localization through Plotting of Trajectories

The easiest method of localizing a strange attractor is by simply plotting a trajectory
with an initial condition in the basin of attraction of the attractor itself. Chaos may
force the trajectory to lose accuracy to the true solution, but for localization this
hardly posses a problem; the trajectory will still give a clear picture of the structure
and location of the attractor.

The issue is then determining the basins of attraction for each attractor. In general,
this is not an easy task. Basins of attraction can be frustratingly small and di cult

to nd. One could brute-force the issue by plotting a large number of trajectories
scattered throughout the phase space, but this is extremely costly; the number of
trajectories needed for this approach would be too enormous for this method to be
considered viable.

In light of this, we divide attractors into two di erent categories: self-excited and

hidden, the de nitions of which are given in De nition 11.7 Localizing a self-excited

attractor only requires plotting the unstable manifolds of an equilibrium point in its

basin of attraction; at least one of the manifolds will enter the attractor after a nite

period of time, thus showing the location and structure of the attractor. Figures 2,
3, and 4 from Section Il are perfect examples of this technique.

Hidden attractors, on the other hand, are much more complicated to localize, as they
can in theory be located anywhere in the phase space without an equilibrium point to
"anchor" them down. One way of localizing a hidden attractor is by simplifying the
system of di erential equations substantially and analytically computing a rough
approximation. Using this rough approximate, we iteratively re ne it, leading to
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a much more accurate approximation of our hidden attractor. We highlight this
method below.

i.1 Localization of Hidden Attractors

This method is described entirely in [10] and [12], where the authors of the article
apply their technique to di erential systems of the form

x=Px+ (x) 9)

Here,x(t) 2 R", P 2 R" " is a constant matrix, and :R" "! R" " is a continu-
ous vector function with (0) = 0 [10][12].

Now, say there exists some matriK 2 R" " so that P, = P + K has two purely
imaginary eigenvalues called i! ( with ! 2 R. We also require that the rest of the
eigenvalues oPy all have negative real parts. We can then rewrite Equation (9) into
the following form. For purposes that we shall explain later, we also introduce a new
variable " that ranges from 0 to 1.

X.= Pox + " (x)
(10)
where' (x) = (x) KX

Notice that if " = 1, the Equation (9) and Equation (10) are equivalent.

Lets say for" = 0 that our system contains a periodic attractor, one that we can
analytically compute. We can then increasé by a su ciently small increment, re-
sulting in a dynamical system that has been slightly augmented. We assume, since
this augmentation was small, that the periodic attractor has been slightly augmented
as well, resulting in a new (pseudo-)periodic attractor. If the increase tbwas suf-
ciently small, then it stands to reason that any point xo on our original periodic
attractor will be in the basin of attraction of this new (pseudo-)periodic attractor.
Thus, we can plot a trajectory fromxo and with it approximate our new attractor
after a transient amount of time [10][12].

Please note that it is very possible that increasing beyond a certain value may
result in a bifurcation in our dynamical system that destroys our attractor. We have
no guarantees that our attractor will stay intact.

We then increase our' over and over, using a point in the attractor that was just
found (assuming it exists) as an initial condition for a trajectory under Equation (10).
This trajectory will then wander into the new attractor for the system (assuming it
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exists) since the increase ¢f was chosen small enough to where our initial condition
of the trajectory can be found in this new attractor's basin of attraction. We can
continue to do this until either any increase in" augments the system of equations
enough to where the attractor disintegrates entirely, or to wheré = 1. If the latter
happens, then we have found an attractor for Equation (9). If this attractor does not
contain any equilibrium points in its basin of attraction, then it must be a hidden
attractor [10][12].

We show this process in more detail with an example taken from [10] and [12].
Suppose we have the following system

8
2x= (y x f(x)
SY=X y+z (11)
z= Yy z
where =8:4562, =12:0732, = 0:0052, andf (x) is de ned as in Equation (6)
with mg = 0:1768 andm; = 1:1468. Notice that this system is very similar to

that de ned in Equation (5) when = 0. Therefore, we shall refer to this system as
a form of a Chua system [10][12].

Following the form presented in Equation (9), we can rewrite our Chua system into
the following form [10][12].

x=Px+q (r'x)
where (r'x)=(mg my) jr'x+1j jr'x 1 =2

and
3 2 3 23 (12)
(m1+1) 0 1
p=4 1 1 15,q:405,r:4o5
0 0 0

Now, let us de ne matrix Py and function' for this system while introducing a new
variable" 2 [0;1]. Fork 2 R

X = Pox + "q" (r"x) where

3
(my+1+ k) 0
Po=P+kqr' =4 1 1 195, (13)
0

(r'x)= (r'x) kr'x

wherek is chosen so that the eigenvalues 8§ are equal toi! 3, i! o, and d, where
02 R gand Re(d) 2 R.( [10][12]. Notice that Equation (12) and Equation (13)
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are equivalent when" = 1.

In order to compute the variables! o, k, and d, we introduce a concept from system
and control theory: the transfer functiorf. In this case, the transfer function can be
de ned as

Wp(p)=r"(P pl) 'qwithp2C (14)
Then [10] and [12] state thatm (Wp( i! o)) =0and k= Re(Wp( i! ¢)) 1, giving
a method of at least approximating the values df o and the corresponding values of
k. Then, using a result from linear algebra, we can see that

_ det(P)) _ (mi+ k+1)( + )
g '8

d

The system de ned in Equation (13) may contain a hidden attractor, but nding
it in its current form can be dicult. Therefore, we apply the invertible linear
transformation x = Sy, with S2 R" "andy 2 R".
X = Pox + "q' (r'x)
S'x= S!S S x+"(S g (r's)s x
y = Ay +"b' (c"y)

Here,A = S PyS, b= S g, andc’ = rTS. In order to fully determine what S
should be, we must rst concretely de neA, b, and c. We do so as follows [10][12].

y = Ay+"b" (c'y)
where' (c'y)=(mg my) jc'y+1j jc'y 1 =2 kc'y
and

2 3 2 3 2 3 (15)
0 !y O by 1
A=41, 0 05,b=4n5,c=405, whereb;:b:h2R
0 0 d 1 h

The reason for this de nition comes in the form of a theorem.

Theorem Ill.1. Say we have the system de ned in Equatiafi3) with " = 0, and
where! ; and k are concretely de ned. If there exists arag 2 R so that

(@)= ' (2o cos( ot)) (b cos( ot) + by sin(! o)) dt =0

2The physical interpretation of this function is not important for this document and therefore
is omitted here. For an introduction into transfer functions, see [1]
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and that 9ay) < 0, then there exists a periodic solution in Equatior(13) (with
" =0) with initial condition [x(0);y(0); z(0)]" = S[ao;0; 0" [12].

We will use this periodic solution to hopefully construct a hidden attractor in Equa-
tion (12), if one exists.

Of course,S must rst be de ned before any further progress can be made. Therefore,
after numerous calculations, we can conclude from [10] that

2
1 0 h

E Lo h

s=Bm+k+l —(d  (k+mg+1))
2

m1l+ Kk I—O Fo(m+ k+1+1=) E( +(d (m+ k+1)@Q d)

With this, we can de ne the the variablesb;, b, and h.

( 2(mi+k+1)?+ +19)

h= 13+ d?
bl=nh

dh  2(my+ k+1
p = (m; )

o
Having completely de ned every variable in Equation (15), we can nally numerically
localize the hidden attractor in Equation (11). The most pivotal step is de ning! o
and the corresponding value fok using the transfer function given in Equation (14),
and then approximate the corresponding value fa, from Theorem 1l1.1, if it exists.
Numerically, we nd not one, but two sets of appropriate parameters, given below.

(0 k®: alYy = (2:0392 0:2099 5:8499)
(1 &5 k@; &) = (3:24540:9598 1:0422)
Therefore, since we have two sets of parameters, we can nd at most two hidden

attractors in Equation 11 using this method. We rst focus on the rst set of pa-
rameters! V' k@ and a{’).

From Theorem I1l.1, we see that the system de ned in Equation (13) with = 0 has
a periodic solution with the initial condition x(0) = (5:84990:369Q 8:3577). This
periodic solution is given in Figure 6.
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Figure 6. A periodic solution of the system described in Equation(13) using ! él), k@,
aél), and " = 0, starting at initial condition x(0) =(5:84990:369Q 8:3577).

We can take any point along the periodic orbit shown in Figure 6 and use it as the
initial condition of a trajectory in Equation (13), increasing” incrementally. If " is
increased by a su ciently small amount, this new trajectory should start somewhere
in the basin of attraction of the new (pseudo-)periodic attractor, should it exist.
We chose to increasé from 0 to 0.2. Figure 7 then shows the progress of this new
trajectory and the (pseudo-)periodic attractor it falls into.
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Figure 7: The (pseudo-)periodic solution of the system described in Equatiofl3) using
1O k@, and " =0:2.

We can again take any point along the (pseudo-)periodic attractor shown in Figure
7 and use it as the initial condition of a trajectory in Equation (13), increasingd
from 0.2 to 0.4. Figure 8 shows the progress of this new trajectory and the (pseudo-
)periodic attractor it falls into.
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Figure 8: The (pseudo-)periodic solution of the system described in Equatiofl3) using
1O k@, and " =0:4.

We can yet again take any point along the (pseudo-)periodic attractor shown in
Figure 8 and use it as the initial condition of a trajectory in Equation (13), increasing

" from 0.4 to 0.6. Figure 9 shows the progress of this new trajectory and the (pseudo-)
periodic attractor it falls into.
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Figure 9: The (pseudo-)periodic solution of the system described in Equatiofl3) using
1O k@, and " =0:6.

We can again take any point along the (pseudo-)periodic attractor shown in Figure
9 and use it as the initial condition of a trajectory in Equation (13), increasingd
from 0.6 to 0.8. Figure 10 shows the progress of this new trajectory and the (pseudo-
)periodic attractor it falls into. Notice that the structure of this (pseudo-)periodic
attractor is starting to resemble something less like a limit cycle and more like a
strange attractor.
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Figure 10: The (pseudo-)periodic solution of the system described in Equatiofil3) using
1O k@, and " =0:8.

Finally, we can again take any point along the attractor shown in Figure 10 and use
it as the initial condition of a trajectory in Equation (13), increasing” from 0.8 to
1. Notice that when" = 1, Equation (13) is equivalent to Equation (12). Figure 11
shows the progress of this new trajectory and the strange attractor it falls into.
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Figure 11: An attractor of the Chua system described in Equation(11). Since the maxi-
mal Lyapunov Exponents of this attractors is larger than 0.0 (calculations not
shown), we can conclude that this is a chaotic attractors of our Chua system.

We can also use the same technique for the second set of parameﬂegg (k@ a(()z)).

Through careful manipulation of", we can approximate a second attractor of our
Chua system, which we show in Figure 12.
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Figure 12: Another attractor of the Chua system described in Equation(11). Since the

maximal Lyapunov Exponents of this attractors is larger than 0.0 (calculations

not shown), we can conclude that this is a chaotic attractors of our Chua
system.

Together, along with plotting the manifolds of the three equilibrium points of the
system, we can show how our Chua system behaves in Figure 13 [10][12].
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Figure 13: The Chua system described in Equation(11), showing the attractors (in red
and magenta) as well as the manifolds of the three equilibrium points (in
black). Since none of the manifolds of the equilibria fall into our two attrac-
tors, we can conclude that these attractors must be hidden chaotic attractors.

Notice that this method is generally applicable to all systems that can be described by
Equation (9), making this method very generally applicable. However, this method
gives no guarantees that a hidden attractor will exist in a particular system, only
that if it exists there is the potential of approximating it incrementally. These incre-
ments are dependent o, and thus great care must be taken in increasing during
every step of the algorithm.

On a di erent note, we saw that each step in this method required a considerable
amount of analytic prowess. Our di erential system of equations needed to be trans-
formed multiple times, each transformation having its advantages and disadvantages.
Perhaps it would be better to use a di erent method that is not as academically tax-

ing.
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In conclusion, using trajectories to map out the structure of a strange attractor can
be very e ective. For self-excited attractors, can be very simple: plot out all unstable
manifolds of all equilibria of the dynamical system and see if any of the manifolds
fall into an attractor of the system. For hidden attractors, this process is much more
complicated and requires more sophisticated methods.

ii. Nambu Hamiltonians

This method involves the use of Nambu mechanics, a generalization of Hamiltonian
mechanics, which are commonplace in mechanical physics. We rst give the de nition
for a Hamiltonian system. Then we expand upon it using the Nambu formalism, but
only focusing on the 3-dimensional case for simplicity's sake; for a more complete
de nition, see [20].

De nition 111.1. Hamiltonian System
Supposex(t) 2 A andy(t) 2 B fort 2 R, with A R" and B R". Suppose
there exists a functionH : A B! R with H 2 C}(A;B) so that we can de ne the
2n-dimensional system of equations
[
5, QH @ oH'
@ @ '@y

3 @H. @H @H'

[><
11

@ @x ' @x

This is known as a Hamiltonian system witin-degrees of freedom, wher#l is the
Hamiltonian of the system [15].

,<
1

Notice that in a Hamiltonian System,

We can conclude thatH (x(t);y(t)) = H(x(0);y(0)) for all t 2 R. This means that
for any trajectory in our system, the value ofH remains constant.

We can also see it a di erent way. The equatiorH (x(t);y(t)) = H(x(0);y(0)) de-
nes a surface in the phase plane. If a trajectory of our system were to have the
initial condition ( x(0);y(0)), then the trajectory would have to remain on this sur-
face for allt 2 R.

As one can see, using the Hamiltonian is an incredibly e cient way to localize the
trajectories of a system. However, it is not always possible to nd a Hamiltonian

33



Master's Thesis Literary Analysis April 26, 2019

function. Even when it is possible, calculating a suitable Hamiltonian is usually a
very di cult task.

We now expand on the concept of a Hamiltonian system by introducing what we call
Nambu systems. For simplicity, we only focus on 3-dimensional Nambu systems; for
a more complete de nition, see [20].

De nition 111.2. Nambu System for 3 Dimensions

Supposex(t) = (x(t);y(t);z(t)) 2 A for t 2 R, with A R3. Suppose there ex-
ist functions H{;H, : A'! R with Hy;H, 2 C(A) so that we can de ne the 3-
dimensional system of equations

8
X = @H@H ©@H@H
% - @y@z @z@y
_ @H@H @H@H
gl_ @z @x @Xx @z
L= @H@H @H@H
- @x@y @y@x

We call this a 3-dimensional Nambu system, whele, and H, are the "Nambunians”
of the system (this naming is a personal choice by the authors and is not re ected
in other literature). Notice that we can reduce this de nition signi cantly into the

equationx =r Hy r

H,, where " " signi es the cross-product [17][20].

We now introduce and prove a few lemmas for 3-dimensional Nambu Systems.

Lemma 111.2.
ThenHy; = Hy; =0

34
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Proof. We prove this forH; only. The proof for H, is extremely similar.

u - @1 @H  en
ex- @y er |
@4 @H@H @H@H

- @x @y@z @z@y

, @4 @HeH @H@H
@y @z@x @x@z

, @4 @HEH @HeH

@z @x@y @y @x
_ @H@H@H @H@HO@H
- @x@y @z @x@z@y

s @H@H@H @H@H@H

@y @z @x @x @y @z

s @H@H@H @H@H@H

@x @z @y @y @z @x

[

Just as before with Hamiltonian systems, we can use Lemma I11.2 to conclude that
H1(x(t); y(1); z(1)) = H1(x(0);y(0); z(0)) and Hz(x(t); y(t); z(t)) = H2(x(0); y(0); z(0)),
which both describe surfaces in the phase space. As aresuld {fand H, are distinct,

the trajectory with initial condition ( x(0);y(0); z(0)) must lie in the intersection of
these two equations. Therefore, if one knows the Nambunians of a Nambu system,

they are able to very accurately predict where any trajectory will be in the phase
space [17].

Lemma I11.3. Suppose we have a Nambu system as described in de nition 1ll.2.
SupposeH; and H, are continuously di erentiable functions ofH; and H,, where
the corresponding Jacobian has a determinant of 1. Thet#; and H, can be used
instead ofH; and H, in De nition 111.2.

Proof. Suppose we have a Nambu system described in De nition 111.2, where=

r Hy r H,. Suppose we have continuously di erentiable functionsl;(H;H,) and
H,(H1; H,) where

@H1; H>») _ @@, @"1@"2:
@H1;Hy) @H@H @H@H

1
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We take a look atrH ; rH 5, which is a 3-dimensional vector. We focus on each of
itselements (H ; rH ), ("tH 1 rH ), and (fH ; rH ;)s3. Let us start with
the rst element.

G, H.@O:

(™ 2h="gye: e@zaey ! !
@'|1@H+ @, @H @"2@H+ @,@H

@H @y @H @y @'H @z @H @z |

@h@H @, @H @1.@H @,@H
@H @z @H @z @H @y @H @y

_ @‘|1@H@'|2@H+ @, @HH,@H
@H @y@H @z @H @QY@H @z
@, @HH.,@H H.@HH.@H
@H @z@H @y @H @z@QH @y ,
H,H, H.@, @H@QH @H@H
@H@H @H@H @y @z @z @y

(rHy r Hy):

In a very similar way, fH 1 rH ), = (rHy r Hyand (fH 1 rH ;)3 =
(r Hy r Hjy)s. Inconclusion,x =r H; r H,=rH ; rH ,. Therefore, we can
replaceH; with H; and H, with H, in De nition 111.2 and still have an equivalent
Nambu system. O]

Because of Lemma Il1.3, we can construct an in nite number of Nambunians for a
Nambu system. This will be important later on.

In order to show the power of Nambu systems and provide a concrete example as
to how they can be used to localize strange attractors, we focus yet again on the
Lorenz system as described in Equation (4) with =10, =28, and =8=3. This
example is handled in far greater detail in [17]. We simplify the mathematics here,
focusing on understandability.

First of all, the Lorenz system cannot be written as a 3-dimensional Nambu system,
the reason for which is simple to explain. Only divergence-free systems have the
possibility of being a Nambu system [17]. However, the divergence of the Lorenz
systemisr x= ( +1+ ) 6 0. Therefore, we must split the system into
a "dissipative” (meaning "divergence-containing”) partxp and a "non-dissipative”
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(meaning "divergence-free") partxyp [17].

8 8 8

2x= (y Xx) 2 XND = YND 2Xp= Xbp

S Y= X( z)y = S YnD = Xno( Znp) to¥ = Yo (16)
z=xy z ZND = XND YND "Zp = Zp

We will focus on the non-dissipative part for now, later reconnecting it with the
dissipative part and drawing conclusions from that.

For the non-dissipative part of the Lorenz system, we are able to nd the Nambunians
as described in [17].

1,

1
Hi(xy;2) = Sy*+ 52° 2

1 (17)
Ho(xy;z) = §x2+ z

From Lemma lll.2, we are able to conclude that a trajectory starting atXnp (0); yno (0); zvp (0))
will always lie in the intersection of

H1i(Xno (t); Yno (1) zvo (1)) = Hi(Xno (0); Yno (0); zap (0)) (18)
H2(Xno (1); Yno (1); Zvo (1)) = Ha(Xno (0); Yao (0); zno (0))

We show this occurrence in Figure 14 by taking the initial condition{yp (0); ynp (0); znp (0)) =
(1;5; 1) and plotting the corresponding trajectory and the surfaces de ned in Equa-

tion (18).
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Figure 14. The nondissipative part of the Lorenz system as the intersection between the
surfaces de ned in Equation (18).

Let us now recombine the dissipative part of the Lorenz system with the nondissi-
pative part and see what conclusions we can make. The following analysis is based
o of [17], which we refer to for a more complete overview. We start by focusing on
the NambunianH .

ii.k1 The Nambunian H;

Because of Lemma I11.2, we know thaHs(Xnp ; Yno ;2o ) = 0. However, this is not
the case for the recombined, original Lorenz system. In this case,

2

Hi(x;y;z2)= z( z) vy
Notice that Hy(x;y;z) 0 for all points in the phase space where
y2+ (z =2) 2=4. This is equivalent to saying thatH;(x;y;z) 0 for all
points "outside" the cylinder y>+ (z =2)?= 2=4,

Say we have some trajectory (t) = ( X1 (t); yr (1); zr (t)) with initial condition

38



Master's Thesis Literary Analysis April 26, 2019

T(0) = (Xo0;Y0;20). Say 2 R, then

1 1
SUT); ) ¥+ 352° z=Hy(T()) y*+(z ) =2H(T()+ * (19
de nes the surface that contains the pointT ( ) of our trajectory, and still contains
the nondissipative solution of the Lorenz system with the initial conditiorl (0). No-
tice that S;(T (0); ) describes a cylinder in the phase space.

To nd some surface of a similar shape td&;(T (0); ) that localizes the Lorenz
Attractor, suppose there exists somé& > % 2 so that Hy(x;y; z) < 0 for all points
in the phase space outside the cylinder

S yi+(z )P=2k+ 2

Notice that Sy is exactly the same asS;(T (0); ) when H{(T( )) = k. We know
such ak exists since we know from above that(x;y;z) 0 for all points outside
the cylindery?+ (z =2)?= 2=4,

We can conclude that if trajectory T (t) has its initial condition outside of Sy, then
there must exist aT 2 R,g sothat8t< T, Hy(T (t)) < 0. Itis to be noted that T

IS speci ¢ for each trajectory. This means that with time,S;(T (0); t) will shrink in
radius 8t < T. However, sinceT (t) is always found onS;(T (0); t) per construction,
this is equivalent to saying thatT (t) will get closer and closer to some subset inside
or on the cylinderS, 8t< T.

Assume without loss of generality thatH,(T(T)) = 0. Then T(T) must be inside
or on the cylinder Sy. However, we know then thatT (t) cannot return back to the
outside of Sy since we just saw that any trajectory with any initial condition outside
of Sy must be unequivocally drawn towardsS,. Therefore, T (t) will stay inside or on
S forallt T . Inconclusion, we have proven thaf (t) will be attracted to some
subset of the surface or interior ofS,. Since we have not speci ed the trajectory
T (t), we can conclude that all attractors, global or otherwise, are found inside or on
Sy, including the Lorenz Attractor!

After a rather long-winded explanation of whyS, will contain all attractors of the
Lorenz System, we can easily see that the Lorenz Attractor must be found inside the
set of the phase space where

y+(z ) 2+ ?
However, we now hope to nd the optimalk in order to localize the Lorenz Attractor
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as e ciently as possible. In essence, we wish to nd

2

Kmin = minfk > %sz_l(x;y;z) 0 8(x;y;z) wherey?+(z )* 2k+ g

Reference [17] rede nes this value (usink},.x instead ofk,, ) as

Uo = f(xy;2) 2 R®j Ha(x;y;2) = 0g
Kmin = maxfH1(x;y;2) j (X;y;2) 2 Uog

What is important is that this is a constrained optimization problem that can be
solved using Lagrange's Multiplier Method (see [5]). Sparing the extraneous details,
we see that the Lorenz Attractor must be found somewhere in the set

f(y:2)2R3jy?+(z )% 2Kmin + 29

where | 20
P— @ ) 2 22 1) (20)

Kmin = H1 O; =
min 72 2 2 2 22 2)2

We show that this is indeed the case in Figure 15 by plotting the Lorenz Attractor
along with boundary of the localizing set de ned in Equation (20).

Figure 15: The Lorenz Attractor, nestled comfortably within the localizing set de ned in
Equation (20).
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ii.2 The Nambunian H,

Just as with H,, we know that Hx(Xnp ; Ynp 5 Zap ) = 0. However, this is not the case
for the recombined, original Lorenz system. In this case,

Ho(x;y;z)= (X2 z)

Notice that Hy(x;y;z) 0O for all points in the phase space wheng? z. This
is equivalent to saying thatHy(x;y;z) 0 for all points "below" the paraboloid
X?= z.

Say we have some trajectory (t) = ( X1 (t); yr (t); z1 (1)) with initial condition T (0) =
(Xo0;Y0;20). Say 2 R, then
Ho(T x?

SATO) ) ¢+ 2 =HyT() 2 RAT) > @)
de nes the surface that contains the pointT ( ) of our trajectory, and still contains
the nondissipative solution of the Lorenz system with the initial conditionT (0). No-
tice that S,(T (0); ) describes a paraboloid in the phase space.

To nd some surface of a similar shape td&,(T (0); ) that localizes the Lorenz
Attractor, suppose there exists somé& 2 R so that Hy(x;y;z) > 0 for all points in
the phase space "below" the paraboloid

k  x2
2
Notice that Sy is exactly the same asS,(T (0); ) when Ho(T( )) = k. We know

such ak exists since we know from above thatl,(x;y;z) O for all points below
the paraboloidx? = z.

Sk Z

Similar to our analysis with the NambunianH,, we can conclude that if trajectory

T (t) has its initial condition below Sy, then there must exist aT 2 R.o so that
8t < T, Hy(T(t)) > 0. Itis to be noted that T is specic for each trajectory.
This means that with time, S,(T (0); t) will shift upwards in the positive z-direction

8t < T. However, sinceT (t) is always found onS,(T (0);t) per construction, this is
equivalent to saying that T (t) will get closer and closer to some subset above or on
the paraboloidS, 8t< T.

Again assume without loss of generality that,(T (T)) = 0. Then T(T) must be
above or on the paraboloidS,. However, we know then thatT (t) cannot return
to the area underneathSy since we just saw that any trajectory with any initial
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condition underneath S, must be unequivocally drawn towardsS,. Therefore, T (t)
will stay above or onSy for allt T . In conclusion, we have proven thafl (t)
will be attracted to some subset of the surface or area abo®g. Since we have not
specied T (t), we can conclude that all attractors, global or otherwise, are found
above or onSy, including the Lorenz Attractor. Thus, we can conclude that the
Lorenz Attractor must be found inside the set of the phase space where

x2 + 2k
2

However, we now hope to once again nd the optima in order to localize the Lorenz
Attractor as e ciently as possible. In essence, we wish to nd

X2+ 2k

Kmax =max k2 RjHyX;y;z) 0 8(x;y;z) wherez

Reference [17] rede nes this value as

Uo = f(xy;2) 2 R®j Ha(x;y;2) =09
kmax = maxfHz(x;y;2z) j (X;y;2) 2 Uog

Once again, this is a constrained optimization problem that can be solved using
Lagrange's Multiplier Method (see [5]). Sparing the extraneous details, we see that
the Lorenz Attractor must be found somewhere in the set

(

X2+ 2k
(x;y;z) 2 R¥jz — ™

2
(22)
where

Kmax = H2(0;0;0) =0

We show that this is indeed the case in Figure 16 by plotting the Lorenz Attractor
along with boundary of the localizing set de ned in Equation (22).

As a result, we are able to localize the Lorenz Attractor using the Nambuniarid,
and H,. We represent these results in Figure 17 by plotting the Lorenz Attractor
along with boundary of the localizing sets de ned in Equations (20) and (22).
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Figure 16: The Lorenz Attractor, nestled comfortably within the localizing set de ned in
Equation (22).
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Figure 17. The Lorenz Attractor, nestled comfortably within the localizing sets de ned in
Equations (20) and (22).
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As a concluding note, recall Lemma 111.3. From this lemma, we know that we can
construct an in nite number of Nambunian pairs usingH; and H,, and in-so-doing
an in nite number of di erent localizing sets just like those constructed in Equations
(20) and (22). Therefore, a more intensive analysis using multiple pairs of localizing
sets could lead to a very e cient localization of the Lorenz Attractor indeed.

Of course, this method is only applicable to systems that have a nonzero nondissi-
pative part, for which the Nambunians can be found (which is a di cult task in and

of itself). The analysis that follows is also rather lengthy and may not even be pos-
sible. It all depends on how the Nambunians behave and interact with the system,
which can make analysis di cult if not impossible. In conclusion, this method can
be very e cient in localizing strange attractors, but can only be applied e ectively

to a limited number of dynamical systems due to the cost of nding the appropriate
Nambunian functions.
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IV. A Geometric Approach to Localization using
Competitive Modes

We now get to the heart of this literary analysis: a preliminary analysis of a ge-
ometric approach in localizing strange attractors. For this, we will rst explore a
thorough understanding of the concept of competitive modes of a system of di er-
ential equations, and from this we will move on to using these competitive modes
geometrically.

I. Competitive Modes

As a toy example, let us take the following di erential equation for a simple oscillator.

(
X=Yy
y= x with 0

This equation can be solved exactly by the equation below.

x(t) = x(0) cos p_t + %m:)sin p_t

p_t + y(O)cosF_t)

What we notice is that x(t) is periodic, with a frequency 01"D ‘=2 . For this reason,
we (the authors) simply call the squared frequency of the oscillation: only
a ects the frequency of the oscillator. We will apply this concept to much more
general systems.

y(t) = x(O)p ~sin

We take a generaln-dimensional autonomous system of di erential equations; =
Fi(x) with i 2f1;2;, ;ng. We can easily transform this system into a system of
interconnected oscillators as follows [4][24]:

Xi = F(X)
= X @:(X @(
- @K @t (23)
X @F
= —(X)F;(x) = fi(x
j:1@?(()1() (x)
This of course only works if; is x; -di erentiable for all i;j 2 1;2; :ng. However,

if this is the case, we make one more assumption, which we give below [4][24].
fi(x) = hi(xe; X 1 Xie; 5Xa)  XiG(Xy;  iXn) 81212 ;ng (24)
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If both Equation (23) and Equation (24) hold, then we can rewrite our original
system of di erential equations into the form given below [4][24].

8
X1+ (X1, Xn)X1 = hi(Xz, 5 Xn)
Xo+ (X1, Xn)X2 = ha(X1; X3 5 Xn)
(25)
éxi + 0(Xy;, X)X = hi(Xe X 1 Xis1s 3 Xn)
" Xpt+ (X1, s Xn)Xn = ha(X1; 5 Xn 1)

In a sense, we have turned our system into a system of interconnected, nonlinear
oscillators.

De nition IV.1.  Competitive Modes Say we have tha-dimensional autonomous
system of di erential equations x= F(x). If Equation (23) and Equation (24) hold
for this system, then the system can be transformed as shown in Equat{@B). The
solutions x; for Equation (25) are then known as the competitive modes of the sys-
tem, with g; and h; being the corresponding squared frequency functions and forcing
functions, respectively [4][24].

Currently, there is an open conjecture connecting chaos and competitive modes to-
gether, and it is presented as follows.

Conjecture IV.1. The conditions for a dynamical system to be chaotic are given
below (assuming Equatior{23) and Equation (24) hold) [4][24]:

there exist at least two squared frequency functions in the system;

at least two squared frequency functiong and g; are competitive or nearly
competitive; that is, there existd 2 R so thatgi(t) g (t) and g(t);g(t) > O;

at least one squared frequency function is a function of evolution variables such
ast;

at least one forcing function is a function of the system variables.

ii. An example using the classical Lorenz system

The Lorenz system as de ned in Equation (4) has been used for a plethora of exper-
iments involving chaos, and now it once again provides a useful framework to test
the potentiality of Conjecture 1V.1.
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Using the de nition of the Lorenz system, we can easily see why the following system
of equations is valid.

gx: (+ 2)x  ( +1)y
Y= 2+1 xy+(( + +z  ( +1)x
z=( 2 x)z+(x2 (+ +1)xy+ y?

Decomposing this, we can then easily de ne the squared frequency functions

axy;z2)=z  ( + )
R(Xy;2)=x2+ z ( +1) (26)

®(xy;z)= x> 2

and the forcing term functions

hi(y;z2)=  ( +1)y
h2(x;z)=( + +1)xz ( +1)x (27)
h3(y)= x* ( + +1)xy+ y?

We notice that

there exist at least two squared frequency functions in the system, i.e. there
are at least 2g functions;

at least one squared frequency function is a function of evolution variables such
ast, i.e. at least oneg function is not a constant;

at least one forcing term function is a function of the system variables, i.e. at
least oneh function is not a constant.

All that remains is to investigate whether at least two squared frequency functions
are competitive or nearly competitive. To do this, we choose the classic parameters
=10, =28, and = 8=3 and plot a trajectory into the Lorenz Attractor, as
shown in Figure 18. For every point in the trajectory, we plot the values of; (in

red), g (in green), andgs (in blue), shown in Figure 19.
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Figure 18: A trajectory through the classical Lorenz system where = 10,
=8=3and x(0)=0:1, y(0)=0:1, z(0) =0:1.
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Figure 19: The squared frequency functiongy; (given in red), gy (given in green), and g3
(given in blue) of the trajectory shown in Figure 18. We only plot fort 15
to ensure that the trajectory in Figure 18 is inside the Lorenz Attractor.

We notice from Figure 19 thatg, is always less tharg,. This can be easily proven
to be true. Consider the dierencegy(x;y;z) u(x;y;z) = x2+( 2 1). Since

> 1, we then immediately see that(x;y;z) a(X;y;z) > 0. Thus, we only have
to focus on the potential intersections betweeg; and gz, and g, and gz [24].

Focusing our attention ong; and gz, we see that
B Y;2) qxy;z)=x* z+((+ ) 2. Ifg @& =0 thenwe can
conclude that

z=x*+ (+) 2 (28)

Investigating Figure 19, we see that; is always less thangs while in the Lorenz
Attractor. This has two results. First of all, the interaction betweeng; and gz can
not lead to the Lorenz Attractor exhibiting chaos according to Conjecture 1V.1. Sec-
ond, when looking at the situation in a "reverse" point of view, we see that since
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%k(X;y;z) > gi(x;y; z) for all points (x;y;z) 2 R® in the Lorenz Attractor, the at-
tractor must lie under the plane de ned in Equation 28 (which is indeed the case).
This phenomenon is shown in Figure 20.

Focusing our attention ong, and gz, we see that
R(X;y;2) oa(x;y;z)= z +( 2 1). If @ g =0, then we can conclude
that

z= +1 2 (29)

Investigating Figure 19, we see thag, and gz do intersect regularly while in the
Lorenz Attractor. This has two results. First of all, sinceg, and g; are competitive,
Conjecture V.1 claims that the Lorenz Attractor is chaotic (which is indeed the
case). Second, when we again look at the situation in a "reverse" point of view, we
see that sincegs(x;y;z) = qu(x;y;z) for some points &;y;z) 2 R® in the Lorenz
Attractor, the attractor must intersect the plane de ned in Equation 29 (which is
indeed the case). This phenomenon is shown in Figure 20.

This "reversing" of viewpoints is the key to understanding how Conjecture 1V.1 can

be used to localize a strange attractor in a comparatively easy way. First, one can
transform (if possible) the system of di erential equations in question into the form
given by Equation (25). From this, the squared frequency functionig;g can easily

be de ned. Once they are, one can de ne surfaces in the phase space where these
squared frequency functions intersect each other. Then, if Conjecture IV.1 is true,
any strange chaotic attractor must be found in a set that touches or passes through
at least one of these intersection surfaces.

In conclusion, Conjecture IV.1 is valid for the Lorenz System since it accurately
predicts chaos, shown by this and other similar analyses [3][4][24]. On the other
hand, the conjecture is able to accurately predict the general location of the Lorenz
Attractor. This method can then be applied more generally to other dynamical
systems to help determine where chaotic attractors may be located.
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Figure 20:

The intersection surfaces de ned in Equation (28) (given in magenta) and
in Equation (29) (given in cyan). We see that the Lorenz Attractor is found
entirely under the intersection surface de ned in Equation (28), and touching
the intersection surface de ned in Equation (29).
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V. Conclusions

Strange attractors are an intriguing result from the study of dynamical systems.
Though their structures are both beautiful and intricate in nature, they represent
the steady-state solutions found in a dynamical system and therefore demand aca-
demic research in order to be understood as best as they can be.

Localizing a strange attractor can be the rst step in learning more about these
structures. Current localization algorithms, though invaluable in this eld of re-
search, can be quite costly. Most require reworking the corresponding system of
di erential equations into a pre-existing format, one that has been researched ex-
tensively and provides concrete results. The issue lies not in the existence of these
formats, but rather in the e ort and puzzling needed to coerce the dynamical system
in question into one of these formats.

The new method highlighted in this document involving the localization of chaotic
attractors through competitive modes, is an attempt at localizing attractors robustly
and with a minimum amount of e ort. Though this localization technique may be
less conclusive than other methods, more research is required to understand the va-
lidity, application, and results of this method. In doing so, we can provide a clear
understanding of a technique that could be very useful indeed.

As such, for this Master thesis, we focus on the following research questions.

For which well-known dynamical systems is Conjecture V.1 valid?

Is Conjecture IV.1 true and can it be proven?

Supposing that Conjecture V.1 is true, can we use it to develop even more
accurate localization techniques?

Can Conjecture V.1 also be applied to discrete dynamical systems?

52



Master's Thesis Literary Analysis April 26, 2019

References

[1] K. Astrom and R. Murray. Feedback Systems: An Introduction for Scien-
tists and Engineers chapter 8, pages 229{262. Princeton University Press,
2009. ISBN 978-0-691-13576-2. URittp://www.cds.caltech.edu/  ~murray/
books/AMO5/pdf/am08-complete_22Feb09.pdf.

[2] M. Cencini, F. Cecconi, and A. Vulpiani.Chaos: From Simple Models to Com-
plex Systemsvolume 17 ofSeries on Advanced in Statistical MechanicdNorld
Scienti ¢ Publishing Co. Pte. Ltd., 2009. ISBN 978-981-4277-65-5.

[3] G.Chen, P. Yu, and W. Yao. Analysis on topological properties of the lorenz and
the chen attractors using gcm.nternational Journal of Bifurcation and Chaos
17(8):2791{2796, 2007. URLhttps://www.worldscientific.com/doi/10.
1142/S0218127407018762

[4] S.R. Choudhury and R.A. Van Gorder. Competitive modes as reliable predictors
of chaos versus hyperchaos and as geometric mappings accurately delimiting
attractors. Nonlinear Dynamics 69(4):2255{2267, 2012. URIhttps://link.
springer.com/article/10.1007/s11071-012-0424-0

[5] Harvard University-Mathematics Department. Lagrange multipliers.
URL http://www.math.harvard.edu/archive/21a_spring_09/PDF/
11-08-Lagrange-Multipliers.pdf

[6] E. Doedel, B. Krauskopf, and H. Osinga. Global bifurcations of the lorenz
manifold. Nonlinearity, 19(12):2947{2972, 2006. URIhttps://iopscience.
iop.org/article/10.1088/0951-7715/19/12/013/meta

[7] K. Falconer. Fractal Geometry: Mathematical Foundations and Applications
John Wiley & Sons Ltd, 2 edition, 2003. ISBN 978-0-470-84861-8.

[8] T. Feagin. High-order m-symmetric Runge-Kutta methods. IrProceeding of
the 23rd Biennial Conference on Numerical AnalysjsStrathclyde University,
Glasgow, Scotland, June 2009. URAhttp://sce.uhcl.edu/rungekutta/

[9] T. Feagin. High-order explicit Runge-Kutta methods using m-symmetryNeural,
Parallel and Scienti c Computations 20(4):437{458, 2012.

[10] N. Kuznetsov and G. Leonov. Hidden attractors in dynamical systems. from
hidden oscillations in hilbert-kolmogorov, aizerman, and kalman problems to
hidden chaotic attractors in chua's circuits.International Journal of Bifurcation
and Chaos 23(1), 2013. URLhttps://www.worldscientific.com/doi/pdf/
10.1142/S0218127413300024

53



Master's Thesis Literary Analysis April 26, 2019

[11] N. Kuznetsov and G. Leonov. Hidden attractors in dynamical systems: sys-
tems with no equilibria multistability and coexisting attractors. 19th IFAC
World Congress Proceedings 47(3):5445{5454, 2014. URLhttps://www.
sciencedirect.com/science/article/pii/S1474667016424614

[12] N. Kuznetsov, O. Kuznetsova, G. Leonov, and V. Vagaitsev. Analytical-
numerical localization of hidden attractors in electrical chua's circuit. Lec-
ture Notes in Electrical Engineering 174:149{158, 2013. URIhttps://link.
springer.com/chapter/10.1007%2F978-3-642-31353-0_11 .

[13] B. Mandelbrot. Fractals: Form, Chance, and Dimension W. H. Freeman and
Company, 1 (augmented) edition, 1977. ISBN 978-0-7167-0473-7.

[14] T. Matsumoto. A chaotic attractor from chua's circuit. IEEE Transactions on
Circuits and Systems 31(12):1055{1058, 1984. URIhttps://people.eecs.
berkeley.edu/ ~chua/papers/Matsumoto84.pdf .

[15] Lawrence Perko.Di erential Equations and Dynamical Systems volume 7 of
Texts in Applied Mathematics Springer-Verlag New York, 3 edition, 2009. ISBN
978-0-387-95116-4.

[16] O. Rossler. An equation for continuous chaosPhysics Letters A 57(5):397{
398, 1976. URLhttps://www.sciencedirect.com/science/article/abs/
pii/0375960176901018.

[17] Z. Roupas. Phase space geometry and chaotic attractors in dissipative nambu
mechanics. Journal of Physics A: Mathematical and Theoretical 45(19),
2012. URL https://iopscience.iop.org/article/10.1088/1751-8113/45/

19/195101.

[18] Valentin Siderskiy. Chua's circuit diagrams, equations, simulations and how to
build. URL http://www.chuacircuits.com/

[19] C. Sparrow. An introduction to the lorenz equations.IEEE Transactions on
Circuits and Systems 30(8):533{542, 1983. URLhttps://ieeexplore.ieee.
org/document/1085400.

[20] L. Takhtajan. On foundation of the generalized nambu mechanics<Commu-
nications in Mathmatical Physics 160(2):295{315, 1994. URILhttps://link.
springer.com/article/10.1007/BF02103278

[21] R. Taylor. Attractors: Nonstrange to chaotic.Society for Industrial and Applied
Mathematics 2011. URL https://www.researchgate.net/publication/
275400091 Attractors_Nonstrange_to_Chaotic/references

54



Master’s Thesis Literary Analysis April 26, 2019

[22] W. Tucker. A rigorous ode solver and smale’s 14th problem. Foundations of
Computational Mathematics, 2(1):53-117, 2002. URL http://www2.math.uu.
se/~-warwick/main/rodes.html.

[23] Ferdinand Verhulst. Nonlinear Di erential Equations and Dynamical Systems.
Universitext. Springer-Verlag Berlin Heidelberg, 2 edition, 2000. ISBN 978-3-
540-60934-6.

[24] P. Yu. Edited Series on Advances in Nonlinear Science and Complexity, vol-
ume 1, chapter 1, pages 1-125. Elsevier B.V., 2006. URL https://www.
sciencedirect.com/science/article/pi1/5157469090601001X.

95


https://www.sciencedirect.com/science/article/pii/S157469090601001X
https://www.sciencedirect.com/science/article/pii/S157469090601001X

	Introduction
	Strange Attractors in Dynamical Systems
	Examples of Strange Attractors
	Lorenz Attractor
	Chua Attractor
	Rössler Attractor

	Chaos Theory and Strange Attractors

	Current Methods of Localization
	Localization through Plotting of Trajectories
	Localization of Hidden Attractors

	Nambu Hamiltonians
	The Nambunian H1
	The Nambunian H2


	A Geometric Approach to Localization using Competitive Modes
	Competitive Modes
	An example using the classical Lorenz system

	Conclusions

